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Abstract

The asymptotic expansion technique is used to obtain the two-dimensional dynamic equations of thin
micropolar elastic plates from the three-dimensional dynamic equations of micropolar elasticity theory. To
this end, all the ®eld variables are scaled via an appropriate thickness parameter such that it re¯ects the
expected behavior of the plate. A formal power series expansion of the three-dimensional solution is used
by considering the thickness parameter as a small parameter. Without any a priori assumption on the form
of the ®eld variables, it is shown that the zeroth-order approximation simultaneously includes both the
plate equations previously presented in the literature and the standard assumptions on the speci®c forms of
the ®eld variables. Some aspects of the present asymptotic plate equations are also discussed. Ó 2000
Elsevier Science Ltd. All rights reserved.
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1. Introduction

The purpose of the present work is to derive an asymptotic theory of thin micropolar plates in
the framework of the theory of linear micropolar elasticity and, then, is to show that the present
derivation completely agrees with those obtained previously in the literature.

The classical plate theories including the celebrated Kirchho� theory which is the most popular
linear model of thin elastic plates are usually obtained under a variety of ad hoc assumptions.
These two-dimensional models which are, in fact, two-dimensional approximations of three-di-
mensional elastic plates involve a priori assumptions regarding the variation of the unknowns
(i.e., the displacements and the stresses) across the thickness of the plate (for instance the
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celebrated Love±Kirchho� asssumption). The assumptions on which the theory of small de¯ec-
tions of thin elastic plates is based may be found for example in [1]. Another method which has
been used to obtain two-dimensional models of thin elastic plates is the so-called asymptotic
expansion method. In this method, a formal power series expansion of the three-dimensional
solution is used by considering the thickness of the plate as the small parameter and the Kirchho�
model of linear elastic isotropic plates is obtained as the leading term of the formal asymptotic
expansion. The early works of Goldenveizer [2] and Friedrichs and Dressler [3], among many
others, are the representative examples of this approach. An historical account of the subject,
together with references to other and related contributions on the subject, may be found in the
monograph by Naghdi [4]. A rigorous mathematical reformulation of the asymptotic approach
has been given by Ciarlet and Destuynder [5] in which the three-dimensional problem is posed in
variational form and a functional framework is used. Later on, Ciarlet [6] has derived the von
K�arm�an plate equations corresponding to geometrically nonlinear, but materially linear, equa-
tions of elasticity. The asymptotic approach has also been applied by some authors to derive the
fully nonlinear models of thin plates that are made of a general nonlinear elastic material. An
overview of this work along with an asymptotic membrane theory of thin hyperelastic plates is
given by Erbay [7].

Most of the early derivations of plate models via asymptotic analysis are typically restricted to
the classical theory of elasticity. However, various theories have been proposed in recent years to
incorporate the internal, discrete, structure of matter into the classical elasticity model. These
theories take di�erent names depending on which aspect of continuum has been chosen as a
starting point. Higher order gradients, non-local particle interactions, polyatomic structure and
local intrinsic rotations are some of these aspects, among others. The question naturally arises as
to whether asymptotic approach generalize to such theories of continua with internal structures.
One objective of this work is to show that such an extension of the asymptotic expansion method
is possible for one of the above-mentioned generalized continuum theories, i.e., micropolar
elasticity theory.

The theory of micropolar elasticity is concerned with an elastic medium whose constituents, the
so-called material points, are allowed to rotate independently without stretch. In other words, a
single vector assigned to every point of the medium may be considered as the additional kine-
matical ingredient in the theory. Hence, the motion of the material points of such a medium will
have three additional degrees of freedom associated with local micro-rigid rotations. The fun-
damental equations of a micropolar elastic medium then contain coupled microrotation and
displacement ®elds [8]. A ®rst attempt to construct a plate theory based on the linear theory of
micropolar elasticity was made by Eringen [9]. The approach of Eringen to the derivation of a
micropolar plate theory can be described as follows. Assuming that the stress and displacement
®elds do not vary violently across the thickness of the plate, the three-dimensional ®eld equations
of micropolar elasticity are integrated across the thickness and the balance equations of micro-
polar elastic plates are derived. Next, as the Love±Kirchho� assumption in the derivation of
classical plate theory, a priori assumptions regarding the variation of the unknowns across the
thickness of the plate are made below:

(i) The transverse displacement component is independent of the transverse coordinate. The in-
plane displacement components are not only functions of the in-plane coordinates but they are
also linear functions of the transverse coordinate.
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(ii) Both transverse and in-plane components of the microrotation vector are independent of the
transverse coordinate.
Formulations are made for the case of either vanishing transverse normal strain or transverse

normal stress. As a consequence, the governing equations which describe both the extensional
motions and the ¯exural motions of a micropolar elastic plate are obtained. Then various ap-
proximate micropolar plate models are derived by neglecting some terms in the micropolar plate
equations. Later on, Green and Naghdi [10] derived a di�erent set of micropolar plate equations
by using a method of asymptotic expansion. Furthermore, they discussed the relationship between
micropolar and director theories of plates and the relations of these to a theory derived for a
Cosserat plate. They concluded that the method used by Eringen does not provide a consistent
approximate theory of plates based on three-dimensional equations of micropolar elasticity. In
particular, they claimed that the micropolar plate theory of Eringen appears to be a ®rst ap-
proximation together with some, but not all, terms of a second approximation. In this paper we
show that the micropolar plate equations of Eringen can be derived from the three-dimensional
dynamical equations of linear micropolar elasticity by considering asymptotic expansions in terms
of the thickness of the plate. In other words, we conclude that two di�erent micropolar plate
theories presented in [9,10] correspond to the leading orders of two di�erent asymptotic expan-
sions. The basic reason for the di�erence between the theories presented in [9,10] seems to be the
fact that they are based on the di�erent assumptions related to the variations of the in-plane
displacement components across the thickness. In other words, in the theory of Green and Naghdi
the in-plane displacement components are independent of the transverse coordinate for a ®rst
approximation, while in the theory of Eringen they are linear functions of the transverse coor-
dinate. For additional references about various aspects of the micropolar plate equations of
Eringen we refer the reader to Wang [11] and references therein.

We remark that the present analysis does not discuss edge boundary conditions and that the
asymptotic method usually gives rise to a theory which is not valid near the edges of the plate. The
classical Kirchho� model of linear elastic isotropic plates, which is obtained as the leading term of
the formal asymptotic expansion of the three-dimensional solution, requires a couple of boundary
conditions at a cylindrical edge of the plate. This is consistent with the fourth-order di�erential
equation of the classical plate theory. However, from the standpoint of three-dimensional elas-
ticity theory, three independent boundary conditions must be satis®ed along the edge of the plate.
In [3], Friedrichs and Dressler showed by the asymptotic expansion method how the three
boundary conditions degenerate into the two boundary conditions. Then, the exact solution of the
plate problem consists of an outer solution which is valid away from the plate edge and a
boundary layer solution which is only signi®cant in a narrow region adjacent to the edge of the
plate. The question how the boundary-layer analysis of the classical plate theory can be extended
to the micropolar elasticity theory is an interesting question. However, it is not the purpose of the
present study to analyze the boundary layer behavior of the micropolar elastic plates. Therefore,
the analysis to be presented here should be considered as an outer solution of the actual boundary
value problem and the boundary-layer e�ects are outside the scope of the present paper. We also
remark that we apply the asymptotic expansion method directly to the ®eld equations in local
form, which is di�erent than that of the work of Ciarlet where a variational formulation is used.

In Section 2, the notation is established and the three-dimensional ®eld equations of the lin-
earized theory of micropolar elasticity are stated. Later, utilizing an appropriate thickness
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parameter, all the ®eld variables are scaled such that it re¯ects the expected behavior of the plate.
Then, the three-dimensional problem is transformed into a problem over a domain whose di-
mensions are of comparable order.

In Section 3, the displacement vector, the microrotation vector, the stress tensor and the couple
stress tensor are expanded in powers of the thickness parameter and the hierarchies of the ®eld
equations are obtained. The equations corresponding to the leading order approximation are
studied in detail. It is shown that the leading order displacement ®eld is a Kirchho�±Love ®eld,
and the in-plane components of the leading order microrotation vector are independent of the
transverse coordinate. Moreover, the stress and couple-stress components in the transverse di-
rection are calculated in terms of the leading order displacement and microrotation ®elds.

In Section 4, various aspects of the present theory are discussed. It is shown that the resulting
equations of the present theory reduce to the plate equations of Eringen as a special case. Finally,
the speeds of ¯exural waves propagating in an in®nite micropolar elastic plate are calculated and
compared with those obtained previously.

2. The three-dimensional problem and scaling

In this section we ®rst establish the notation and describe the three-dimensional dynamical
problem for a plate made of a homogeneous isotropic linear micropolar elastic material. Next we
scale the unknowns and loads by some particular powers of the thickness parameter and express
the problem in the dimensionless coordinates.

2.1. Notation and three-dimensional equations

We consider a micropolar elastic plate of constant thickness 2h. The material particles of the
plate are identi®ed by their Cartesian coordinates xk �k � 1; 2; 3� in its reference con®guration. It
is assumed that the middle surface of the unstressed plate lies in the x1x2 plane. The edge of the
middle surface of the plate is bounded by a smooth curve C lying in the x1x2 plane. The upper and
lower surfaces of the plate are de®ned by x3 � h and x3 � ÿh, respectively.

Before proceeding, the following conventions are adopted. Throughout the text, Greek indices
take values in the set {1, 2}, whereas Latin indices take values in {1, 2, 3} unless stated otherwise,
and repeated indices indicate that the summation convention is being used. Also the indices
following a comma denote the partial di�erentiation with respect to spatial coordinates and a
superposed dot indicates the partial di�erentiation with respect to time.

The component form of the balance equations of micropolar elasticity, which are decomposed
into the in-plane and transverse components, are given by (for details, see [8])

Balance of linear momentum

tab;a � t3b;3 � qfb � q�ub; ta3;a � t33;3 � qf3 � q�u3: �2:1�

Balance of angular momentum

mab;a � m3b;3 � �ab�t3a ÿ ta3� � qlb � qj�ub; ma3;a � m33;3 � �abtab � ql3 � qj �u3; �2:2�

1500 H.A. Erbay / International Journal of Engineering Science 38 (2000) 1497±1516



where �ab is the two-dimensional permutation symbol de®ned by

�11 � �22 � 0; �12 � ÿ�21 � 1:

In these equations, q is the density, j the inertia density, fk the body force, lk the body couple, uk

the displacement vector, uk the microrotation vector, tkl the stress tensor and mkl is the couple
stress tensor.

We assume that the following boundary conditions hold on the upper and lower surfaces of the
plate:

t3b � �t�b ; t33 � �t�3
m3b � �m�b ; m33 � �m�3

)
at x3 � �h; �2:3�

where t�k and m�k are the surface tractions and the surface couples, respectively, prescribed on the
upper and lower surfaces of the plate.

The linear theory of micropolar elasticity include two sets of constitutive equations, one for the
stress and one for the couple stress. Thus, the explicit forms of the stress tensor, tkl, and the couple
stress tensor, mkl, are given as follows (for details, see [8]):

Stress components

tab � k�uc;c � u3;3�dab � lua;b � �l� j�ub;a ÿ j�abu3;

ta3 � lua;3 � �l� j�u3;a � j�abub;

t3a � lu3;a � �l� j�ua;3 ÿ j�abub;

t33 � kuc;c � �k� 2l� j�u3;3:

�2:4�

Couple stress components

mab � a�uc;c � u3;3�dab � bua;b � cub;a; ma3 � bua;3 � cu3;a;

m3a � bu3;a � cua;3; m33 � auc;c � �a� b� c�u3;3;
�2:5�

where k, l, j, a, b and c are linear material constants.

2.2. Scaling

The thickness parameter e is de®ned in the form e � h=L where 2L is a characteristic lateral
length scale. The thin plate assumption results in e� 1. Consequently, we may attempt to study
an asymptotic expansion of the basic equations given above with respect to the small dimen-
sionless parameter e. We now introduce the following dimensionless coordinates xk �k � 1; 2; 3�:

xa � Lxa; x3 � eLx3; x3 2 �ÿ1; 1� �2:6�

and the dimensionless time t

t � q
l

� �1=2

Leÿ1t: �2:7�
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Thus, the domain occupied by the thin plate is transformed into a domain of comparable di-
mensions, which is independent of e. Depending on the scale of time which characterizes the
variability of the state of stress in time, Gusein-Zade [12] proposed a classi®cation of the dynamic
processes occurring in a thin plate. According to this classi®cation, our scaling of time in which
the value of the exponent of e is ÿ1 corresponds to the case where the stretching problem is of
quasistatic character and the bending problem reduces to the dynamic equations of the classical
plate theory.

Since such a transformation introduces the thickness parameter e into the ®eld equations, the
solution of the three-dimensional problem de®ned in Eqs. (2.1)±(2.5) will depend not only on x
but also on e. It is reasonable then to expect the solution of the corresponding problem de®ned in
the dimensionless coordinates to have an expansion with respect to e. In what follows, all the ®eld
variables in dimensionless coordinates will be scaled by some particular powers of e such that it
re¯ects the expected behavior of the plate and then a consistent asymptotic plate theory for thin
micropolar elastic plates will be developed without any additional assumptions. But at this point,
note that the asymptotic expansion method is not free from a priori assumptions due to the
scaling assertions. Now, remembering that the plate thickness is much smaller than the typical
length of the plate, we de®ne the non-dimensional displacement vector and stress tensor com-
ponents in x-coordinates, i.e., uk and tkl, as follows:

ua � e2�aLua; u3 � e1�aLu3; a > 0;

tab � le2�atab; �ta3; t3a� � le3�a�ta3; t3a�; t33 � le4�at33;
�2:8�

where a is a ®xed positive real number and the common factor of stress dimension is chosen as l.
As is seen from (2.8), the transverse displacement component u3 is assumed to be small compared
to the plate thickness. On the other hand, the scale of the lateral displacement components ua is
chosen such that the lateral displacements are much smaller than the transverse displacement.
Moreover, the scaling of planar components of the strain tensor implies the scaling of in-plane
components of the stress tensor. The scales of the transverse components of the stress tensor are
chosen such that the transverse shear stresses ta3 and t3a and the transverse normal stress t33 are
small compared with the in-plane stresses tab. From the point of view of the theory of small de-
¯ections of plates the present approach seems physically reasonable. Finally, note that the scaling
in (2.8) agrees with those proposed in [5,13] to derive the linear plate theory.

To proceed with our analysis further, we introduce the scaling

ua � e1�aua; u3 � e2�au3;

mab � lLe3�amab; �ma3;m3a� � lLe4�a�ma3;m3a�; m33 � lLe5�am33

�2:9�

for the microrotation vector and couple stress tensor components. This particular choice of
scaling for the microrotation vector components can be justi®ed as follows: Suppose all the
displacement and stress components are independent of x3 for the time being. Then, it is easily
seen that Eqs. (2.1) and (2.2) couple the microrotation u3 with the in-plane displacements ua

whereas the microrotations ua with the transverse de¯ection u3. Recalling that the lateral dis-
placements are assumed to be small compared to the transverse displacement, we also expect that
the microrotation u3 is smaller than the microrotations ua. After these observations, ua and u3
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are assumed to be of the same order of magnitude as u3 and ua, respectively. In order to non-
dimensionalize the couple stress components we need a common factor of length dimension beside
the unit of stress, l. We have to choose between two options: either the typical length of the plate,
L, or the plate thickness h. Recalling that the theory of micropolar elasticity has been suggested to
model physical phenomena in which the length scale is comparable to distances and sizes of the
microelements, we choose the latter, i.e., the plate thickness, which is much smaller than the
typical length of the plate. Thus, the couple stress tensor components are shifted to the next order
compared with the stress tensor components in the present theory.

We de®ne the non-dimensional surface and body forces in the following form:

t�a � le3�at�a ; t�3 � le4�at�3 ;

qLfa � le2�af a; qLf3 � le3�af 3:
�2:10�

Similarly, the non-dimensional surface and body couples are de®ned by

m�a � lLe4�am�a ; m�3 � lLe5�am�3 ;

qla � le3�ala; ql3 � le4�al3:
�2:11�

The above quantities introduced in Eqs. (2.10) and (2.11) are scaled such that the non-dimensional
forms of these quantities are included in the lowest order approximation and external forces and
couples tend to zero with the vanishing thickness. Again, since we choose the plate thickness as the
appropriate length scale for the surface and body couples, the surface and body couples are
shifted to the next order compared with the surface and body forces.

Recalling that l has been chosen as the unit of stress whereas h has been chosen as the unit of
length for the micropolar e�ects, the non-dimensional material constants are introduced in the
following form:

k � lk; �a; b; c� � lL2e2�a; b; c�; j � le2j; �2:12�

where j is assumed to be of the order of e2. In order to get some feeling as to the meaning of this
assumed scale of j, it is somewhat instructive to investigate whether j has a special meaning
within the theory of micropolar elasticity. First suppose that all the microrotations, uk, the body
couples, lk, and the surface couples, m�k , are identically zero for the time being. In such a case, we
notice that the equations of classical elasticity cannot be obtained from the above equations of
micropolar elasticity without by setting j equal to 0, which give a special importance to j within
four extra elastic moduli; namely, j, a, b and c. Then it is natural to expect that j tends to 0 with
the vanishing thickness. Furthermore, recalling that the experimental values of j are not available
and the ratio j=l is calculated aproximately as 0.008 by Gauthier and Jashman [14] for a com-
posite of aliminum shot in an epoxy host, we concluded that the above scale is physically rea-
sonable.

We close this part of the analysis with a few remarks about the choice of the scale of j. Since
we choose h as the typical length scale for the micropolar e�ects, it is natural to introduce the
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non-dimensional form of j as follows j � L2e2j. However, with this choice of the scaling of j, the
inertia terms �uk cannot be included in the lowest order approximation. On the other hand, for
comparison purposes, we want to keep these terms in the lowest order approximation. Therefore,
we presently assume j � L2j instead of j � L2e2j. After we get the lowest order equations, in the
limit j! 0 the equations corresponding to the case where microinertia is negligible are recovered.
Another way of keeping the inertia terms in the equations is to introduce appropriate time scales
[15,16].

2.3. Transformed problem

For future reference we record here the basic equations of the three-dimensional problem in the
dimensionless coordinates by using the de®nitions given above.

Balance of linear momentum

tab;a � t3b;3 � fb � e2�ub; ta3;a � t33;3 � f3 � �u3: �2:13�

Balance of angular momentum

mab;a � m3b;3 � �ab�t3a ÿ ta3� � lb � e2j�ub; ma3;a � m33;3 � eÿ2�abtab � l3 � e2j�u3: �2:14�

Boundary conditions

t3b � �t�b ; t33 � �t�3
m3b � �m�b ; m33 � �m�3

)
at x3 � �1: �2:15�

Stress components

tab � k�uc;c � eÿ2u3;3�dab � ua;b � ub;a � e2j�ub;a ÿ �abu3�;
ta3 � eÿ2�ua;3 � u3;a� � j�u3;a � �abub�;
t3a � eÿ2�u3;a � ua;3� � j�ua;3 ÿ �abub�;
t33 � eÿ4�k� 2�u3;3 � eÿ2�kuc;c � ju3;3�:

�2:16�

Couple stress components

mab � a uc;c � u3;3

ÿ �
dab � bua;b � cub;a; ma3 � eÿ2bua;3 � cu3;a;

m3a � eÿ2cua;3 � bu3;a; m33 � eÿ2 auc;c � �a� b� c�u3;3

� �
:

�2:17�

Note that, for convenience, we omit the bars on the non-dimensional quantities. An asymptotic
expansion based on the above equations will be constructed in the following section.
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3. Asymptotic expansion

3.1. Asymptotic expansion

Now recalling the dependence of the basic equations written in the dimensionless coordinates
on e, it is assumed that the displacement vector u, the microrotation vector u, the stress tensor t
and the couple stress tensor m may be expanded in powers of e in the form

�u;u; t;m� �
X1
n�0

u�n�;u�n�; t�n�;m�n�
ÿ �

e2n: �3:1�

The scaling made in Eqs. (2.6)±(2.12) and the expansion (3.1) are the main assumptions of this
paper and an asymptotic expansion will be developed without any additional assumptions. It is
expected that the leading terms of this expansion will identify the main features of the true
solution of the three-dimensional problem. In this section, the equations corresponding to the
zeroth-order approximation will be derived and a correspondence between the equations of two-
and three-dimensional problems will be established.

If we substitute the asymptotic expansion (3.1) in the dimensionless form of the basic equations
and equate to 0 the coe�cients of powers of e, we get a hierarchy of the basic equations to be
satis®ed for each order of e. In what follows, we study the leading order equations of the as-
ymptotic expansion in detail. To this end we do not record information about higher order terms
which will not be needed later in the analysis.

3.2. Zeroth-order balance equations and boundary conditions

From (2.14) we immediately have

�abt�0�ab � t�0�12 ÿ t�0�21 � 0: �3:2�

That is, the zeroth-order in-plane stresses are symmetrical. Later, it will be shown that this
condition is satis®ed identically. Introducing (3.1) into (2.13) and (2.14), the balance equations
corresponding to the zeroth-order approximation are obtained in the form:

t�0�ab;a � t�0�3b;3 � fb � 0; �3:3�
t�0�a3;a � t�0�33;3 � f3 � �u�0�3 ; �3:4�
m�0�ab;a � m�0�3b;3 � �ab t�0�3a

�
ÿ t�0�a3

�
� lb � j �u�0�b ; �3:5�

m�0�a3;a � m�0�33;3 � �abt�1�ab � l3 � j �u�0�3 : �3:6�

With a similar process the boundary conditions (2.15) take the following form:

t�0�3b � �t�b ; t�0�33 � �t�3 at x3 � �1; �3:7�
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m�0�3b � �m�b ; m�0�33 � �m�3 at x3 � �1 �3:8�

for the zeroth-order approximation.

3.3. Zeroth-order constitutive equations

With a similar argument we obtain the following constitutive relations:

t�ÿ2�
33 � �2� k�u�0�3;3; �3:9�

t�ÿ1�
ab � ku�0�3;3dab; t�ÿ1�

a3 � u�0�a;3 � u�0�3;a;

t�ÿ1�
3a � u�0�3;a � u�0�a;3; t�ÿ1�

33 � �2� k�u�1�3;3 � ku�0�c;c � ju�0�3;3;
�3:10�

t�0�ab � k u�0�c;c � u�1�3;3

� �
dab � u�0�a;b � u�0�b;a; t�0�a3 � u�1�a;3 � u�1�3;a � j u�0�3;a � �abu

�0�
b

� �
;

t�0�3a � u�1�3;a � u�1�a;3 � j u�0�a;3 ÿ �abu
�0�
b

� �
; t�0�33 � �2� k�u�2�3;3 � ku�1�c;c � ju�1�3;3;

�3:11�

t�1�ab � k u�1�c;c

�
� u�2�3;3

�
dab � u�1�a;b � u�1�b;a � j u�0�b;a

�
ÿ �abu

�0�
3

�
�3:12�

for the stresses and

m�ÿ1�
a3 � bu�0�a;3; m�ÿ1�

3a � cu�0�a;3; m�ÿ1�
33 � au�0�c;c � �a� b� c�u�0�3;3; �3:13�

m�0�ab � a u�0�c;c � u�0�3;3

� �
dab � bu�0�a;b � cu�0�b;a;

m�0�a3 � bu�1�a;3 � cu�0�3;a; m�0�3a � cu�1�a;3 � bu�0�3;a;

m�0�33 � au�1�c;c � �a� b� c�u�1�3;3

�3:14�

for the couple stresses.
For future reference we record here the following relations between the transverse components

of the zeroth-order stress and couple stress tensors:

t�0�a3 ÿ t�0�3a � j u�0�3;a

�
ÿ u�0�a;3 � 2�abu

�0�
b

�
; �3:15�

cm�0�a3 ÿ bm�0�3a � �c2 ÿ b2�u�0�3;a: �3:16�
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3.4. Zeroth-order displacement and microrotation ®elds

Since the expansion (3.1) suggests that the stress and couple stress components having negative
index are 0, some constraints on the displacement and microrotation components are obtained.
Now these constraints will be discussed in detail. The restrictions t�ÿ1�

ab � t�ÿ2�
33 � 0 give u�0�3;3 � 0

which implies that the zeroth-order de¯ection is independent of x3, i.e.,

u�0�3 � w�x1; x2; t�: �3:17�

Similarly, the restrictions t�ÿ1�
a3 � t�ÿ1�

3a � 0 give u�0�a;3 � u�0�3;a � 0 and consequently u�0�a;3 � ÿw;a from
which we deduce the in-plane components of the zeroth-order displacement ®eld as

u�0�a � va ÿ x3w;a; �3:18�

where va � va�x1; x2; t�. This proves that the lowest order displacement ®eld is a Kirchho�±Love
®eld. The restriction t�ÿ1�

33 � 0 requires that �2� k�u�1�3;3 � ku�0�c;c � 0, which yields

u�1�3;3 � ÿ
k

k� 2
�vc;c ÿ x3w;cc�; �3:19�

where (3.18) is used. The restrictions m�ÿ1�
a3 � m�ÿ1�

3a � 0 give u�0�a;3 � 0 which implies that the
in-plane components of the zeroth-order microrotation vector are independent of x3, i.e.,

u�0�a � wa�x1; x2; t�: �3:20�

The restriction m�ÿ1�
33 � 0 requires that au�0�c;c � �a� b� c�u�0�3;3 � 0 and consequently

u�0�3;3 � ÿ�a=�a� b� c��u�0�c;c from which we deduce the transverse component of the zeroth-order
microrotation vector as

u�0�3 � /ÿ a
a� b� c

x3wc;c; �3:21�

where / � /�x1; x2; t�.
Using the above results in (3.11) and (3.14) the stress components t�0�ab and the couple stress

components m�0�ab can be expressed in the form

t�0�ab � va;b � vb;a � 2k
k� 2

vc;cdab ÿ 2x3 w;ab

�
� k

k� 2
w;ccdab

�
; �3:22�

m�0�ab � ~awc;cdab � bwa;b � cwb;a; �3:23�

where ~a is de®ned as

~a � a 1

�
ÿ a

a� b� c

�
: �3:24�
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It is seen that the stress components t�0�ab vary linearly along the thickness of the plate whereas the
couple stress components m�0�ab is uniform over the thickness. Similarly, employing the above
results in (3.15), (3.16) and (3.12) we obtain the following relations:

t�0�a3 ÿ t�0�3a � 2j�w;a � �abwb�; �3:25�

cm�0�a3 ÿ bm�0�3a � �c2 ÿ b2� /;a

�
ÿ a

a� b� c
x3wc;ca

�
; �3:26�

�abt�1�ab � t�1�12 ÿ t�1�21 � ÿj �abva;b

�
� 2 /

�
ÿ a

a� b� c
x3wc;c

��
: �3:27�

We close this part of the analysis with a few remarks about our results. First we notice that the
in-plane stress components t�0�ab and the in-plane couple stress components m�0�ab can be expressed in
terms of w, va and wa only, which are functions independent of x3. Secondly, since the stress
components t�0�a3 , t�0�3a and t�0�33 and the couple stress components m�0�a3 , m�0�3a and m�0�33 depend on higher
order terms in the asymptotic expansion, they remain unknown at the present stage of the
analysis. But, again, the di�erences t�0�a3 ÿ t�0�3a and cm�0�a3 ÿ bm�0�3a are well de®ned and can be com-
puted in terms of w, / and wa only. Thirdly, we observe that the evolution equations governing six
unknown functions w, va, / and wa are still missing at this stage of the calculations. To complete
our analysis we now derive the evolution equations and calculate the remaining stress and couple
stress components.

3.5. Determination of the stress components t�0�3b

To compute the stress components t�0�3b we ®rst transform (3.3) into

t�0�3b;3 � ÿ
3k� 2

k� 2
va;ab

�
� vb;aa

�
� 4

k� 1

k� 2

� �
x3w;aab ÿ fb; �3:28�

where (3.22) is used. Integrating this equation with respect to x3 we obtain

t�0�3b � ÿx3

3k� 2

k� 2
va;ab

�
� vb;aa

�
� 2

k� 1

k� 2

� �
x2

3w;aab ÿ
Z x3

ÿ1

fb dx3 � Fb�x1; x2; t�; �3:29�

where Fb�x1; x2; t� are arbitrary functions to be determined by the boundary conditions. Substi-
tution of (3.29) into the boundary conditions (3.7) yields the following equations:

t�b �x1; x2; t� � ÿ 3k� 2

k� 2
va;ab

�
� vb;aa

�
� 2

k� 1

k� 2

� �
w;aab ÿ

Z 1

ÿ1

fb dx3 � Fb�x1; x2; t�;

ÿ tÿb �x1; x2; t� � 3k� 2

k� 2
va;ab � vb;aa � 2

k� 1

k� 2

� �
w;aab � Fb�x1; x2; t�:

While addition of these two equations gives the following second-order coupled partial di�erential
equations:
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3k� 2

k� 2
va;ab � vb;aa � 1

2
rb � 0; �3:30�

their subtraction yields

Fb�x1; x2; t� � ÿ2
k� 1

k� 2

� �
w;aab � 1

2
~rb; �3:31�

where

rb�x1; x2; t� � t�b � tÿb �
Z 1

ÿ1

fb dx3; ~rb�x1; x2; t� � t�b ÿ tÿb �
Z 1

ÿ1

fb dx3: �3:32�

Thus, using (3.30) and (3.31) in (3.29) we obtain the stress components t�0�3b as follows:

t�0�3b � ÿ2
k� 1

k� 2

� �
�1ÿ x2

3�w;aab � 1

2
x3rb � 1

2
~rb ÿ

Z x3

ÿ1

fb dx3: �3:33�

On the other hand, a substitution of (3.33) into (3.25) gives the stress components t�0�b3 in the form

t�0�b3 � ÿ2
k� 1

k� 2

� �
1
ÿ ÿ x2

3

�
w;aab � 2j w;b

ÿ � �bcwc

�� 1

2
x3rb � 1

2
~rb ÿ

Z x3

ÿ1

fb dx3: �3:34�

We notice that Eqs. (3.30) governing the functions v1 and v2 are the same as the basic equations
for the stretching problem in the classical plate theory. Also one should notice that the stress
components t�0�a3 and t�0�3a may be computed immediately once the functions w and wa are known.

3.6. Determination of the stress component t�0�33

Similarly, to determine the stress component t�0�33 we rewrite (3.4) in the form

t�0�33;3 � 2
k� 1

k� 2

� �
1
ÿ ÿ x2

3

�
w;aacc ÿ 2j w;aa

ÿ � �abwb;a

�ÿ 1

2
~ra;a � �wÿ 1

2
x3ra;a

�
Z x3

ÿ1

fa;a dx3 ÿ f3; �3:35�

where (3.34) is used. Integrating this equation with respect to x3 we get

t�0�33 � 2
k� 1

k� 2

� �
x3

�
ÿ 1

3
x3

3

�
w;aacc � x3

�
ÿ 2j w;aa

ÿ � �abwb;a

�ÿ 1

2
~ra;a � �w

�
ÿ 1

4
x2

3ra;a

�
Z x3

ÿ1

Z g

ÿ1

fa;a dx3 dgÿ
Z x3

ÿ1

f3 dx3 � F3�x1; x2; t�; �3:36�

where F3�x1; x2; t� is an arbitrary function. The use of this result in the boundary conditions (3.7)
gives the following two equations:
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t�3 �
4

3

k� 1

k� 2

� �
w;aacc �

�
ÿ 2j w;aa

ÿ � �abwb;a

�ÿ 1

2
~ra;a � �w

�
ÿ 1

4
ra;a �

Z 1

ÿ1

Z g

ÿ1

fa;a dx3 dg

ÿ
Z 1

ÿ1

f3 dx3 � F3�x1; x2; t�;

ÿtÿ3 � ÿ
4

3

k� 1

k� 2

� �
w;aacc ÿ

�
ÿ 2j w;aa

ÿ � �abwb;a

�ÿ 1

2
~ra;a � �w

�
ÿ 1

4
ra;a � F3�x1; x2; t�:

While addition of these two equations gives the following fourth-order partial di�erential equa-
tion:

4

3

k� 1

k� 2

� �
w;aacc ÿ 2j w;aa

ÿ � �abwb;a

�� �wÿ 1

2
~ra;a ÿ 1

2
p � 1

2

Z 1

ÿ1

Z g

ÿ1

fa;a dx3 dg � 0; �3:37�

their subtraction yields

F3�x1; x2; t� � 1

2
~p � 1

4
ra;a ÿ 1

2

Z 1

ÿ1

Z g

ÿ1

fa;a dx3 dg; �3:38�

where

p�x1; x2; t� � t�3 � tÿ3 �
Z 1

ÿ1

f3 dx3; ~p�x1; x2; t� � t�3 ÿ tÿ3 �
Z 1

ÿ1

f3 dx3: �3:39�

Now, employing (3.38) in (3.36) the stress component t�0�33 is found as follows:

t�0�33 �
2

3

k� 1

k� 2

� �
x3�1ÿ x2

3�w;aacc � 1

2
x3p � 1

2
~p � 1

4
�1ÿ x2

3�ra;a

ÿ 1

2
�1� x3�

Z 1

ÿ1

Z g

ÿ1

fa;a dx3 dg�
Z x3

ÿ1

Z g

ÿ1

fa;a dx3 dgÿ
Z x3

ÿ1

f3 dx3: �3:40�

We notice that, when polar e�ects are neglected, Eq. (3.37) reduces to the standard biharmonic
equation for the bending problem in the classical plate theory. We also notice that the stress
component t�0�33 may be computed once the function w is determined.

3.7. Determination of the couple stress components m�0�3b

If we rewrite (3.5) in the form

m�0�3b;3 � ÿ �~a
h
� b�wa;ab � cwb;aa

i
� 2j�ab w;a

ÿ � �acwc

�ÿ lb � j �wb; �3:41�
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where (3.23) and (3.25) are used, and integrate this equation with respect to x3, we obtain

m�0�3b � ÿx3 �~a
h
� b�wa;ab � cwb;aa ÿ 2j�ab w;a

ÿ � �acwc

�ÿ j �wb

i
ÿ
Z x3

ÿ1

lb dx3 � Gb�x1; x2; t�; �3:42�

where Gb�x1; x2; t� are arbitrary functions. A substitution of this result in the boundary conditions
(3.8) yields the following equations:

m�b � ÿ �~a
h
� b�wa;ab � cwb;aa ÿ 2j�ab w;a

ÿ � �acwc

�ÿ j �wb

i
ÿ
Z 1

ÿ1

lb dx3 � Gb�x1; x2; t�;

ÿ mÿb � �~a� b�wa;ab � cwb;aa ÿ 2j�ab�w;a � �acwc� ÿ j �wb � Gb�x1; x2; t�:

While addition of these equations gives

�~a� b�wa;ab � cwb;aa ÿ 2j�ab�w;a � �acwc� ÿ j �wb �
1

2
sb � 0; �3:43�

it follows from their subtraction that

Gb�x1; x2; t� � 1

2
~sb; �3:44�

where

sb�x1; x2; t� � m�b � mÿb �
Z 1

ÿ1

lb dx3; ~sb�x1; x2; t� � m�b ÿ mÿb �
Z 1

ÿ1

lb dx3: �3:45�

Thus, using (3.43) and (3.44) in (3.42) we obtain the couple stress components m�0�3b in the form

m�0�3b �
1

2
x3sb � 1

2
~sb ÿ

Z x3

ÿ1

lb dx3: �3:46�

Furthermore, if we introduce (3.46) into (3.26) we get the couple stress components m�0�b3 as
follows:

m�0�b3 �
1

c
�c2

�
ÿ b2� /;b

�
ÿ a

a� b� c
x3wc;cb

�
� b

1

2
x3sb

�
� 1

2
~sb ÿ

Z x3

ÿ1

lb dx3

��
: �3:47�

We notice that Eqs. (3.37) and (3.43) couple the functions w and wa through the constant j. We
also point out that Eq. (3.43) is identically satis®ed if polar e�ects are discarded. One should

notice that the couple stress components m�0�3b may be computed a priori once the surface and body
couples are known, without the knowledge of the other unknowns. On the other hand, the couple
stress components m�0�b3 are calculated once the functions / and wa are determined.
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3.8. Determination of the couple stress component m�0�33

Similarly, to determine the couple stress component m�0�33 we rewrite (3.6) in the form

m�0�33;3 � ÿ
1

c
�c2

�
ÿ b2�/;aa �

b
2c

~sa;a ÿ j�abva;b ÿ 2j/ÿ j �/

�
� x3

a
a� b� c

1

c
�c2

��
ÿ b2�wc;caa

ÿ 2jwc;c ÿ j �wc;c

�
ÿ b

2c
sa;a

�
� b

c

Z x3

ÿ1

la;a dx3 ÿ l3; �3:48�

where (3.27) and (3.47) are used. Integrating this equation with respect to x3 we obtain

m�0�33 � ÿ x3

1

c
�c2

�
ÿ b2�/;aa �

b
2c

~sa;a ÿ j�abva;b ÿ 2j/ÿ j �/

�

� x2
3

2

a
a� b� c

1

c
�c2

��
ÿ b2�wc;caa ÿ 2jwc;c ÿ j �wc;c

�
ÿ b

2c
sa;a

�

� b
c

Z x3

ÿ1

Z g

ÿ1

la;a dx3 dgÿ
Z x3

ÿ1

l3 dx3 � G3�x1; x2; t�; �3:49�

where G3�x1; x2; t� is an arbitrary function. The use of this result in the boundary conditions (3.8)
gives the following two equations:

m�3 � ÿ
1

c
�c2

�
ÿ b2�/;aa �

b
2c

~sa;a ÿ j�abva;b ÿ 2j/ÿ j �/

�
� 1

2

a
a� b� c

1

c
�c2

��
ÿ b2�wc;caa

ÿ 2jwc;c ÿ j �wc;c

�
ÿ b

2c
sa;a

�
� b

c

Z 1

ÿ1

Z g

ÿ1

la;a dx3 dgÿ
Z 1

ÿ1

l3 dx3 � G3�x1; x2; t�;

ÿmÿ3 �
1

c
�c2 ÿ b2�/;aa �

b
2c

~sa;a ÿ j�abva;b ÿ 2j/ÿ j �/� 1

2

a
a� b� c

1

c
�c2

��
ÿ b2�wc;caa

ÿ 2jwc;c ÿ j �wc;c

�
ÿ b

2c
sa;a

�
� G3�x1; x2; t�:

While addition of these two equations gives the following second-order partial di�erential
equation:

1

c
�c2 ÿ b2�/;aa ÿ j�2/� �abva;b� ÿ j �/� 1

2
b� b

2c
~sa;a ÿ b

2c

Z 1

ÿ1

Z g

ÿ1

la;a dx3 dg � 0; �3:50�
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their subtraction yields

G3�x1; x2; t� � 1

2
~bÿ 1

2

a
a� b� c

1

c
�c2

��
ÿ b2�wc;caa ÿ 2jwc;c ÿ j �wc;c

�
ÿ b

2c
sa;a

�

ÿ b
2c

Z 1

ÿ1

Z g

ÿ1

la;a dx3 dg; �3:51�

where

b�x1; x2; t� � m�3 � mÿ3 �
Z 1

ÿ1

l3 dx3; ~b�x1; x2; t� � m�3 ÿ mÿ3 �
Z 1

ÿ1

l3 dx3: �3:52�

Now, employing (3.50) and (3.51) in (3.49) the couple stress component m�0�33 is found as
follows:

m�0�33 � ÿ
1

2
�1ÿ x2

3�
a

a� b� c
1

c
�c2

��
ÿ b2�wc;caa ÿ 2jwc;c ÿ j �wc;c

�
ÿ b

2c
sa;a

�
� 1

2
x3b

� 1

2
~bÿ

Z x3

ÿ1

l3 dx3 ÿ b
2c
�1
�
� x3�

Z 1

ÿ1

Z g

ÿ1

la;a dx3 dgÿ 2

Z x3

ÿ1

Z g

ÿ1

la;a dx3 dg

�
: �3:53�

Again, we notice that Eq. (3.50) couples the functions va and / through the constant j.

3.9. Summary

Before closing the section, let us summarize the results obtained up to now. We ®rst observe
that all the zeroth-order stresses and the zeroth-order couple stresses can be expressed in terms of
the functions w, va, / and wa which are independent of x3. The equations governing the functions
w, va, / and wa are given by (3.37), (3.30), (3.50) and (3.43). An examination of these equations
shows that, as in the classical plate theory, the equations governing the ¯exural (bending) and the
extensional (stretching) motions of the plate are independent of each other. In other words,
the governing equations separate into two groups, one for the extensional motions and one for the
¯exural motions of the plate. In particular, Eqs. (3.37) and (3.43) constitute the ®rst group,
whereas Eqs. (3.30) and (3.50) constitute the second group. The most important feature of these
equations is that there is coupling between displacement and microrotation ®elds in each group.
Furthermore, we notice that, in the absence of polar e�ects, these equations coincide with those of
the classical plate theory.

For simplicity, in the rest of the paper, we shall restrict our analysis to the case where the body
forces and the body couples vanish, i.e.,

fa � f3 � la � l3 � 0: �3:54�

For future use, we record the equations governing the extensional and ¯exural motions of the
plate here:
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Extensional motions

3k� 2

k� 2
va;ab � vb;aa � 1

2
t�b
�
� tÿb

�
� 0; �3:55�

1

c
�c2 ÿ b2�/;aa ÿ j 2/

ÿ � �abva;b

�ÿ j �/� 1

2
�m�3 � mÿ3 � �

b
2c

m�a;a
�

ÿ mÿa;a
�
� 0: �3:56�

Flexural motions

4

3

k� 1

k� 2

� �
w;aacc ÿ 2j w;aa

ÿ � �abwb;a

�� �wÿ 1

2
�t�3 � tÿ3 � ÿ

1

2
t�a;a
�
ÿ tÿa;a

�
� 0; �3:57�

�~a� b�wa;ab � cwb;aa ÿ 2j�ab w;a

ÿ � �acwc

�ÿ j �wb �
1

2
m�b
�

� mÿb
�
� 0: �3:58�

Of speci®c interest are the equations governing w and wa, that is those for the ¯exure motions of
the plate. In the following section various aspects of the asymptotic plate equations are discussed.
In particular, it is shown how the micropolar plate equations of Eringen are related to the present
theory and the speeds of ¯exural waves in an in®nite plate are given.

4. Some aspects of the asymptotic plate equations

4.1. The case of j � L2e2j

In this case, the corresponding equations of micropolar plates are obtained by neglecting the
terms containing j. Thus, Eqs. (3.56) and (3.58) reduce, respectively, to

1

c
�c2 ÿ b2�/;aa ÿ j�2/� �abva;b� � 1

2
�m�3 � mÿ3 � �

b
2c

m�a;a
�

ÿ mÿa;a
�
� 0; �4:1�

�~a� b�wa;ab � cwb;aa ÿ 2j�ab�w;a � �acwc� �
1

2
m�b
�

� mÿb
�
� 0: �4:2�

Furthermore, we drop the terms containing j in (3.53). Note that Eqs. (3.55) and (3.57) are not
a�ected.

4.2. The micropolar plate equations of Eringen

As in [9], we now decompose wa into a gradient and a curl as follows:

wa � W;a � �abU;b; �4:3�
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where W and U are functions of x1, x2 and t. If we substitute Eq. (4.3) into (3.57) and (4.2) and
take the divergence and curl of (4.2) we reach the following system of equations:

4

3

k� 1

k� 2

� �
w;aacc ÿ 2jw;aa � 2jU;aa � �wÿ 1

2
�t�3 � tÿ3 � ÿ

1

2
t�a;a
�
ÿ tÿa;a

�
� 0; �4:4�

cU;aabb � 2jw;aa ÿ 2jU;aa � 1

2
�ab m�a;b
�

� mÿa;b
�
� 0; �4:5�

�~a� b� c�W;aabb ÿ 2jW;aa � 1

2
m�a;a
�

� mÿa;a
�
� 0: �4:6�

The ®rst two equations of the above system are completely equivalent to those obtained by
Eringen [9], which correspond to Eqs. (7.7) and (7.8) of Eringen [9], respectively. The last equation
of the above system will be in complete agreement with Eq. (7.9) of Eringen [9] provided that the
following two conditions are satis®ed. The ®rst condition requires that the e�ect of rotatory in-
ertia is neglected in [9]. This amounts to multiplying Eq. (7.9) of Eringen [9] by I and then to
neglecting the terms that contain I as a factor. The second condition requires that the coe�cient ~a
in Eq. (4.6) of the present paper is identi®ed with the material constant a in (7.9) of Eringen [9].
The di�erence between the present theory and the theory of Eringen, namely that ~a is replaced by
a is a direct consequence of di�erent assumptions related to the microrotation u3. We note that
the microrotation u3 is a linear function of x3 in the present paper (see (3.21)), whereas it is
assumed to be independent of x3 in [9].

4.3. Propagation of ¯exural waves

We now calculate the speeds of the ¯exural waves propagating in an in®nite micropolar elastic
plate. To this end we assume that the external forces and couples vanish, i.e.,

t�3 � tÿ3 � t�a � tÿa � m�a � mÿa � 0 �4:7�

and that x1 denotes the coordinate along the direction of propagation of waves. Furthermore, we
assume harmonic wave solutions for w and wb in the form

w � w0 exp�i�kx1 ÿ xt��; wb � wb0 exp�i�kx1 ÿ xt��; �4:8�

where w0 and wb0 are constants and k and x denote wavenumber and circular frequency, re-
spectively. A substitution of these solutions into (3.57) and (3.58) leads to the following set of
homogeneous equations in terms of the amplitudes w10, w20 and w0:

jx2
h

ÿ 2jÿ �~a� b� c�k2
i
w10 � 0; �4:9�

ÿ 2jikw0 � �jx2 ÿ 2jÿ ck2�w20 � 0; �4:10�

x2

�
ÿ 2j

�
� 4

3

k� 1

k� 2

� �
k2

�
k2

�
w0 � 2jikw20 � 0: �4:11�
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For the existence of a non-trivial solution, the determinant of the coe�cient matrix obtained for
w0 and w20 must vanish. Eq. (4.9) and this condition yield the following equations:

jc2 � ~a� b� c� 2j
k2
; �4:12�

c4 ÿ Ac2 � B � 0; �4:13�

in which c denotes the wave speed de®ned by c � x=k and the coe�cients A and B are given by:

A � 2j� 4

3

k� 1

k� 2

� �
k2 � 1

j
c

�
� 2j

k2

�
; �4:14�

B � 1

j
2jc

�
� 4

3

k� 1

k� 2

� �
2j
ÿ � ck2

��
: �4:15�

These equations are similar in character to those given by Eringen [9]. To compare Eqs. (4.12) and
(4.13) with those obtained in [9] we should neglect the transverse shear e�ect and the rotatory
inertia e�ect considered in [9]. This can be done by neglecting the terms that contain G in the
denominator and the terms that contain I as a factor in Eqs. (9.4) and (9.13) of Eringen [9]. In
such a case, Eq. (4.13) will be in complete agreement with Eq. (9.4) of Eringen [9]. There is a
misprint in Eq. (9.13) of Eringen [9] where the factor I should be present in the ®rst term in the
right-hand side. This situation is also clear from Eq. (7.2) of Eringen [9]. Thus, Eq. (4.12) will be in
complete agreement with Eq. (9.13) of Eringen [9] provided that the coe�cient ~a in Eq. (4.12) of
the present paper is identi®ed with the material constant a in Eq. (9.13) of Eringen [9].
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