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Pairwise Error Probability of Space-Time
Codes in Rician–Nakagami Channels
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Abstract—In this letter, we investigate the shadowing effect on
the performance of space-time codes, using the Rician–Nakagami
channel model which has been recently introduced. Specifically,
we derive an exact expression for the pairwise error probability
(PEP) of space-time trellis codes over the Rician–Nakagami
channel, which is in the form of a simple single finite-range inte-
gral. We also present numerical results how the PEP expressions
for the Rician–Nakagami channel can be related to those for
the classical Rician–lognormal channel based on the parameter
transformation between these two models.

Index Terms—Nakagami model, pairwise error probability
(PEP), shadowed Rician model, shadowing, space-time trellis
coding.

I. INTRODUCTION

S INCE the introduction of space-time coding [1], a signif-
icant amount of work has been published on the design,

decoding and applications of this new family of codes. Most
of these results, however, are based on the assumption that the
channel fading is either Rayleigh or Rician distributed, which
are mostly used for the land mobile terrestrial (LMT) systems.
As a consequence of the growing interest in land mobile satel-
lite (LMS) systems, much effort is being devoted to the problem
of modeling multipath fading and shadow fading in LMS chan-
nels. A comprehensive list of available LMS channel models
can be found in [2]. Among the different viable approaches,
Loo’s model [3] is widely accepted and used extensively in
the literature. This model assumes that the received signal en-
velope is described by a Rician model with lognormal shad-
owing on the line-of-sight (LOS) component1 . Although the
Rician–lognormal (R–L) model provides good match to exper-
imental data, the assumption of lognormal shadowing results in
complicated expressions for analytical error rate performance
evaluation. Motivated by the inherent disadvantages of the R–L
model, Abdi et al. [2] introduced a new simple LMS channel
model, which is basically a Rician channel where the amplitude
of LOS component is assumed to follow a Nakagami distribu-
tion. The proposed Rician–Nakagami (R–N) model is shown to
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1Hereinafter, we will use the term “Rician–lognormal” to refer Loo’s model.
However, it should be noted that there are other LMS models, where the multi-
path fading and multiplicative shadow fading are described by Rician and log-
normal distributions, respectively [2].

provide a similar fit to the experimental data as the R–L model
but with less computational complexity.

In this letter, we analyze the performance of space-time trellis
codes over the R–N channel via the derivation of a pairwise
error probability (PEP) expression. PEP is the basic tool for the
derivation of union bounds on the error rate performance of a
coded communication system and gives valuable insights into
the code design problem. In their pioneering work on space-time
codes, Tarokh et al. [1] derived an upper bound on the PEP
using the classical Chernoff bound over the Rayleigh and Rician
fading channels. Exact PEP expressions for space-time codes
were also derived using different approaches [4]–[7]. Recently,
in [8], the author investigated the performance of space-time
trellis codes over LMS channels assuming the R–L model. How-
ever, due to the nature of the lognormal assumption, the final ex-
pression for the PEP presented in [8] does not accept a simple
form and is given in terms of an infinite summation, where trun-
cation is possible for some practical values of channel parame-
ters. Motivated by the simple transformation between the R–L
and R–N channel models, in this letter we re-derive the PEP for
space-time coded systems assuming the Nakagami-distributed
LOS component, expecting a much simpler solution.

II. TRANSMISSION MODEL

We consider a wireless communication system with
transmit antennas and receive antennas. The binary data
stream is first modulated and mapped to a sequence of complex
modulation symbols. The modulated sequence is then fed to the
space-time encoder and transmitted over the wireless channel.
The receiver employs a maximum-likelihood decoder and has
perfect channel state information (CSI). The received signal in
the time interval at the th receive antenna is given as

(1)

where is a complex valued modulation symbol transmitted
from the th ( ) transmit antenna at time and

is the additive thermal noise term, the collection of which
is modeled as independent samples of a zero-mean complex
Gaussian random variable with variance per dimension.
The fading coefficient represents the channel gain from
transmit antenna to receive antenna and assumed to be
constant over the duration of one frame, following a quasistatic
channel assumption. The ’s are modeled as indepen-
dent and identically distributed (i.i.d) samples of complex
Gaussian random variables with mean and variance

per dimension, leading to a Rician fading
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model. In our case, the LOS (corresponding to the nonzero
mean) component is not constant but rather a Nakagami–
distributed random variable following the probability density
function given as

(2)

where is the Nakagami parameter, is the average
power of the LOS component and is the gamma function.
Contrary to the traditional Nakagami model where changes
over the limited range of , here varies over the wider
range of [2].

III. DERIVATION OF PAIRWISE ERROR PROBABILITY

Let denote the code vector trans-
mitted from transmit antennas in time interval . For a frame
length of time intervals, we denote the codeword matrix as

where represents transpose opera-
tion. The PEP represents the probability of choosing the code
matrix when indeed was transmitted. Under the assump-
tion of perfect CSI, the conditional PEP is given by [1]

(3)

where represents conjugate transpose operation and
is the Gaussian -function. Here, represents the energy per
symbol, is the channel vector and

. Following [1], we write

(4)

where are the eigenvalues of and
is the th element of the -length vector . Here,

is a unitary matrix such that , where is a
real diagonal matrix with entries . Recalling that the fading
coefficients are complex Gaussian random variables (r.v), the

’s are also complex Gaussian with mean and variance

(5)

Therefore, has the same variance as , but a different
mean which is found as a linearly weighted sum of the mean
values of . Since is nonzero mean complex Gaussian,
its amplitude has a Rician conditional distribution with
respect to which is assumed to follow Nakagami distribu-
tion given by (2) in our case. Due to the linear transformation
involved, we restrict ourselves to i.i.d. Nakagami r.v.’s and con-
sider orthogonal error events, i.e., is a diagonal matrix.

Using the alternative form of the Gaussian -function [9], the
average of the PEP over the channel statistics (while
is still treated as a constant) is given by [8]

(6)

where . In order to find the uncondi-
tional PEP, we still need to take an expectation of (6) with re-
spect to , i.e.,

(7)

Exploiting i.i.d. properties of and using [10-p. 364,
3.381.4], , (7) results in a
single finite-range integral as

(8)

This should be compared to the PEP expression derived in [8,
eq. 12] for the R-L model in terms of an infinite summation,
as shown in (9) at the bottom of the next page, where
are coefficients computable by a recursive equation given in
[8, Appendix] and

with the parameter set ( ) specifying the degree of
shadowing in the R-L model. Noting that ( ) is the
parameter set for the R-N channel where is common for both
models, the relationship between the R-L and R-N models is
given as [2]

(10)

based on second-order statistics matching. Here, and
represent the psi function and its derivative, respectively. There-
fore, the PEP expression given in (8), i.e., derived for the R-N
channel, can be used instead of (9), i.e., derived for the R-L
channel, where the required equivalent channel parameter set
can be simply obtained based on the transformation given in
(10).

The derivation of PEP for the R-N channel also allows us to
examine the design criteria for space-time codes. Setting
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Fig. 1. Comparison of PEPs for the Rician–lognormal (RL) and the
Rician–Nakagami (RN) channels.

TABLE I
RICIAN-LOGNORMAL AND RICIAN-NAKAGAMI

CHANNEL PARAMETER SETS [2], [3]

in (8) [9 , p. 506] and assuming asymptotically high SNR,
an upper bound on PEP is found as

(11)

where denotes the rank of matrix . This result is essentially
the same as [1, Eq. 10] except for the presence of the last term.
Therefore, the same diversity advantage (i.e., ) is obtained
over the R-N channel as in a Rayleigh channel. The additional
factor in (11) is completely characterized by the channel param-
eter set ( ) and it can be considered as a coding gain varia-
tion due to shadowing on the LOS component, confirming also
our previous observations in [8].

IV. NUMERICAL RESULTS

We consider three different channel parameter sets for the
R-L channel, corresponding to light, average and heavy shad-

owing as described in [2] and [3]. These parameter sets to-
gether with the equivalent parameter sets of the R-N channel
are presented in Table I. As an example for the PEP evalua-
tion, we consider the 4-state QPSK space-time trellis code in
[1, Fig. 4]. For the shortest error event of this code, the matrix

is diagonal and has two iden-
tical eigenvalues equal to 4. Assuming one receive antenna, i.e.,

, we plot PEP in Fig. 1. based on both (8) and (9) for this
specific error event. For each degree of shadowing in Table I,
both results demonstrate very good match, where only a neg-
ligible difference within the thickness of line is observed while
(8) provides a much simpler compact form in comparison to (9).

V. CONCLUSIONS

We derived an exact PEP expression for space-time codes
over the R-N channel. It accepts a simple single finite-range
integral solution contrary to the classical R-L channel assump-
tion, where the final form of PEP is given in terms of an infinite
summation. Based on the transformation between the channel
parameters of R-L and R-N channels, we furthermore demon-
strated numerical results how the PEP expressions for these two
channels can be related to each other.
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