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Effect of Shadowing on the Performance of Space–Time Trellis-Coded Systems
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Abstract—We analyze the performance of space–time trellis
codes over shadowed Rician fading channels. The shadowed
Rician channel is a generalization of the Rician model, where
the line-of-sight path is subjected to a lognormal transformation
due to foliage attenuation, also referred to as shadowing. Using
the moment generating function method, we derive an exact
expression for the pairwise error probability (PEP) of space–time
trellis coded systems operating over this channel. The asymptotic
analysis of PEP shows that the design criteria of space–time trellis
codes proposed for Rayleigh fading still hold when used over
shadowed Rician channels. We also present simulation results for
bit-error rate performance under various degrees of shadowing.

Index Terms—Pairwise error probability (PEP), Rician fading
channels, shadowing, space–time trellis coding.

I. INTRODUCTION

SPACE–TIME trellis coding [1] has been proposed as an
effective approach to support high data-rate transmission

over fading channels. This technique integrates channel coding,
modulation, and multiple transmit antennas with optional re-
ceive diversity and is able to exploit the full diversity promised
by the multiple-input multiple-output (MIMO) channels. Since
its introduction, a significant amount of work has been published
on the design, decoding, and applications of this new family of
codes (see, for example, [2]–[5]). Most of these results, however,
are based on the assumption that the channel fading is either
Rayleigh or Rician distributed. The Rician fading channel,
which is generally used to model mobile satellite channels,
mathematically describes a received signal characterized by a
direct (i.e., line-of-sight) component with constant amplitude
and a scattered (i.e., multipath) component. The shadowed
Rician channel [6] is a generalization of the Rician model, where
the line-of-sight path (LOS) is subjected to a lognormal trans-
formation due to foliage attenuation or blockage, also referred
to as shadowing. In this paper, we investigate the effects of
shadowing on the performance of space–time trellis codes. To
the best of our knowledge, no such study exists in the literature.

In their pioneering work on space–time codes, Tarokh et al.
[1] provide an upper bound on the pairwise error probability
(PEP) using the classical Chernoff bound over Rayleigh and Ri-
cian fading channels. In [7], Uysal and Georghiades obtained an
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exact expression for PEP, applying the characteristic function
technique previously used in the performance analysis of trellis-
coded modulation (TCM) to the multiple-antenna transmission
problem. Another numerical solution for the same problem is
presented by Taricco and Biglieri in [8] using the Gauss–Cheby-
shev numerical quadrature rule. In [9], Simon presents a simpler
method for exactly evaluating the PEP for space–time coded
systems based on the moment generating function method. This
method allows the evaluation of PEP in a simple closed form and
has been previously applied to numerous problems related to the
analysis of digital communication systems over fading channels
with a single transmit antenna [10]. In this paper, we generalize
Simon’s work for Rayleigh fading channels in [9] to shadowed
Rician fading channels in order to investigate the effects of shad-
owing on the performance of space–time trellis-coded systems.

II. SYSTEM MODEL

We consider a wireless communication scenario where the
base station is equipped with transmit antennas and the mo-
bile unit is equipped with receive antennas. The binary data
stream is first modulated and mapped to a sequence of complex
modulation symbols. The modulated sequence is then fed to the
space–time encoder and transmitted over the wireless channel.
The receiver employs a maximum-likelihood decoder and has
perfect channel state information (CSI). The received signal in
the time interval at the th receive antenna is given as

(1)

where is a complex-valued modulation symbol transmitted
from the th transmit antenna at time , and

is the additive thermal noise term, the collection of which
is modeled as independent samples of a zero-mean complex
Gaussian random variable with variance per dimension.
The fading coefficient represents the channel gain from
transmit antenna to receive antenna in time interval . In our
case, the fading amplitude is described by a shadowed Rician
fading model, with Rician and Rayleigh channels being special
cases. The ’s are modeled as independent and identically
distributed (i.i.d) samples of complex Gaussian random vari-
ables with mean and variance per di-
mension. In this model, the LOS (corresponding to the nonzero
mean) component is not constant but rather a lognormally dis-
tributed random variable.

III. DERIVATION OF PAIRWISE ERROR PROBABILITY

In this section, we derive an exact expression for the PEP
for two different cases: 1) the quasi-static channel and 2) the
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symbol-by-symbol perfectly interleaved channel (which is re-
ferred to as “fast fading” in [1]).

A. Quasi-Static Fading Channel

In the quasi-static channel, the fading coefficients remain
constant over the duration of one frame. Therefore,
for , where is the number of symbols in a
frame. Let denote the code vector
transmitted from the transmit antennas in time interval .
For a frame length of time intervals, we denote the codeword
matrix as 1 . The PEP represents the
probability of choosing the code matrix when indeed
was transmitted. Under the assumption of perfect CSI, the
conditional PEP is given by

(2)

where is the Gaussian function, is the energy per
symbol, and is the squared Euclidean distance be-
tween the transmitted and decoded code sequences, expressed
as

(3)

Defining the channel vector and the
codeword difference matrix

Equation (2) can be rewritten as

(4)

where . Since is Hermitian,
there exists a unitary matrix and a real diagonal ma-
trix such that . The columns of , i.e.,

form a complete
orthonormal basis given by the eigenvectors of and the
diagonal elements of are the eigenvalues of . Denoting the
(nonnegative) eigenvalues of by , we obtain

with

1Throughout the paper, we use ( � ) and ( � ) to represent transpose and
conjugate transpose operations, respectively.

where is the th element of the -length vector
. Recalling that the fading coefficients are com-

plex Gaussian random variables, the ’s are also complex
Gaussian with mean and variance

Therefore, has the same variance as but a different mean,
which is found as a linearly weighted sum of the mean values
of . Since is complex Gaussian, its amplitude has
a Rician conditional distribution (with respect to ) with
probability density function

(5)

where is the zero-order modified Bessel function of the
first kind; the probability density function of the LOS compo-
nent (mean of ) is given by the lognormal distribution2

(6)

The parameters , and in (5) and (6) specify the degree
of shadowing.

In order to derive the unconditional PEP from (4), we em-
ploy the moment generating function (MGF) technique [10]. It
is easy to see that the argument under the square-root sign in (4)
is a quadratic form of complex Gaussian random variables. If
we define the random variable

its MGF is given in [11] and [12] as

(7)

where are the eigenvalues of with the co-
variance matrix of , and are the elements of the -length
vector . It can be easily shown that, in our
case, and . Using
the alternative form of the Gaussian -function [10], the av-
erage of the PEP over the channel statistics (while is
still treated as a constant) is given by

(8)

2With a slight abuse of notation, we use m and � to represent mean and
standard deviation of ln� .
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Replacing (7) in (8), we obtain

(9)

where . In order to find the
unconditional PEP, we still need to take an expectation of (9)
with respect to , whose distribution is given by (6). Using
the i.i.d. properties of , this expectation yields

(10)

Introducing the variable change

, (10) can be rewritten as

(11)

The inner integral has the form of . It is
possible to show that such an integral can be expressed in terms
of an infinite sum (see the Appendix). This yields the final form
of exact PEP as

(12)

where

(13)

The coefficients in (12) can be computed through the recur-
sive equation

with (14)

for , and for given in the Appendix.
It will be also interesting to point out how (12) relates to

the unshadowed case. Assuming there is no shadowing, then
the LOS component is no longer a random variable and just
given as a constant equal to its mean . For
the Rayleigh fading case, , leading to a zero LOS
component, i.e., . Furthermore, inserting and

in (12), we obtain

(15)

which is the PEP expression presented in [9] when the eigen-
values are now given by

for orthogonal error events.
The derivation of PEP for shadowed Rician channels also al-

lows us to examine the design criteria for space–time codes.
In [1], Tarokh et al. proposed the rank criterion and determi-
nant criterion for quasi-static Rayleigh fading channels, which
determine the diversity and coding gain, respectively. Specif-
ically, from the analysis of PEP for high signal-to-noise ratio
(SNR), they prove that a diversity advantage of and a coding
advantage of are achieved, where denotes the
rank of matrix . Similar to the analysis presented in [1], set-
ting in (12) ([10, p. 506]) and assuming asymptotically
high SNR, an upper bound on PEP is found as

(16)

where

(17)

This result is essentially the same as [1, Eq. 10], except for the
presence of the factor . Therefore, the same diver-
sity advantage (i.e., ) is obtained over the shadowed Rician
channel as in a Rayleigh channel. The additional factor in (16) is
completely characterized by the channel parameters and it can
be considered as a coding gain variation due to shadowing. Since
the rank criterion is the primary design criterion for space–time
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trellis codes, the first step in “good” code design is maximiza-
tion of the diversity order. Therefore, once is optimized, this
additional factor becomes just a constant. This allows us to con-
clude that the rank criterion and determinant criterion [1] still
hold for the shadowed Rician channel.

B. Symbol-by-Symbol Interleaved Fading Channel

Here, we assume that the fading coefficient is constant over
one symbol interval and changes from one symbol to another in
an independent manner. For the interleaved channel, the squared
Euclidean distance between the transmitted and decoded code
sequences is given as

(18)

It is different from that for quasi-static channels, given by (3),
due to the fact that now the fading coefficient is time-dependent.

Defining the channel vector and
the code vector , the unconditional
PEP can be written as

(19)

where . It is easy to see that the
eigenvalues of are simply given as

(20)

Following along lines similar to those presented in the previous
section, we obtain the exact PEP as

(21)

where

and

(22)

It is worth noting that the integral argument in (21) is given as
a product over time instances while the PEP for the quasi-static
channels is expressed as a product over the number of transmit
antennas. Therefore, the use of space–time codes over inter-
leaved channels does not result in spatial diversity, but only
achieves an improved time diversity, due to the increase in
coding gain. These conclusions are identical to those in [9]

for the Rayleigh channel. Furthermore, inserting and
in (21), we obtain

(23)

which is identical to the results in [9] for Rayleigh fading chan-
nels.

Now, we examine the asymptotic behavior of the PEP. Let
denote the set of time instances such that ,
and let denote the number of elements in , i.e., the cardi-
nality of the set. Then, it follows from (21) that for asymptoti-
cally high SNR values

(24)

This result is essentially the same as [1, Eq. 17], except for the
presence of the factor . As was true for the
quasi-static channel, the shadowing results only in a coding vari-
ation due to the presence of an additional factor, but the design
criteria originally proposed in [1] still hold.

IV. NUMERICAL RESULTS

As an example for the shadowed Rician model, we consider
the Canadian Mobile Satellite channel [6], [13]. Reference [13,
Table I] shows the values of the shadowing parameters for this
channel, which are determined by empirical fit to measured data
within Canada. In this table, the terms light, average, and heavy
are used to represent an increasing effect of the shadowing. We
consider the four-state quaternary phase-shift keying (QPSK)
space–time trellis code in [1] as an example. This is also the
same example considered in [7, Fig. 1] and [9, Fig. 1]. For the
shortest error event of this code, the matrix

is diagonal and has two identical eigenvalues equal
to 4. Inserting the eigenvalues and truncating the inner infinite
sum in (12) to its first term (i.e., fix ), we obtain

(25)

where

It should be noted that using more terms for the infinite sum in
(12) does not result in a visible change in the plots for the consid-
ered practical values of shadowing. In Fig. 1, we plot the exact
PEP results for the different degrees of shadowing. To allow
comparison with a similar analysis for trellis coded modulation
in the single antenna case [14], we also include PEP results for
different values of the Rician parameter [15]. It is observed
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Fig. 1. Pairwise error probability for different degrees of shadowing.

Fig. 2. BER performance for the four-state space–time code over the quasi-
static channel.

that the heavy shadowing performance matches that of Rayleigh
fading (i.e., ). Average and light shadowing give equiva-
lent performances to Rician fading channels with – dB
and – dB, respectively. These observations agree with
the results in [14].

In the following, we focus on the bit-error rate (BER) results
obtained through Monte Carlo simulation. BER performance
results over quasi-static channels and interleaved channels are
illustrated in Figs. 2 and 3, respectively. Over the quasi-static
channel, at , approximately 1- and 5-dB degrada-

Fig. 3. BER performance for the four-state space–time code over the inter-
leaved channel.

tions are observed for average and heavy shadowing compared
to the light shadowing case, respectively. The degradation is less
severe for the two receive antenna case since the overall channel
looks more like Gaussian with the additional receive diversity.
Comparison of Figs. 2 and 3 reveals that the four-state code
gives the same diversity order regardless of whether interleaving
is used or not. There is only a slight coding gain obtained by the
use of interleaving. This can be easily explained based on the
code parameters. As shown by (16) for the quasi-static channel,
the diversity order is determined by . Since this code is de-
signed to provide full diversity [1], is equal to the number of
transmit antennas, which is two in this case. On the other hand,
for the interleaved channel, the diversity order is given as
based on (24). Since the effective code length (ECL) of this code
(i.e., the smallest value of over all possible error events) is
2, the diversity order is achieved again as 2, which is the same as
for the quasi-static channel. This is a result of the coincidental
fact that the ECL is equal to the number of transmit antennas for
this specific example.

V. CONCLUSION

We investigated the effect of shadowing which is encoun-
tered in some mobile satellite channels on the performance of
space–time trellis-coded systems. Both quasi-static and inter-
leaved fading channels were considered. The analysis was car-
ried out via the derivation of an exact PEP expression using the
MGF technique. Asymptotic PEP analysis reveals that the rank
criterion and determinant criterion originally proposed for the
Rayleigh fading channel still hold for this case. Monte Carlo
simulation results were also presented to demonstrate the BER
performance of space–time trellis codes under various degrees
of shadowing.
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APPENDIX

This Appendix evaluates the inner integral in (11) in terms of
an infinite sum. Defining

and

(26)

the inner integral in (11) can be rewritten as

(27)

with . Expanding in a Taylor
series, we obtain

(28)

where are the Taylor series coefficients and, in our case,
they can be determined as

(29)

where can be computed by the recursive equation

(30)

for and for . Using the integral form
given by ([16], p. 382, (3.462.1)), it can be easily shown that the
integral in (29) is zero for odd values of . For even values of ,
we can use the result ([16, p. 382, (3.461.4)]) and express (29)
as

(31)

Replacing (28) by (31) and using (29) with , and values
given as in (26), one can obtain the final form for the inner in-
tegral of (11), leading to (12).
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