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Space–Time Trellis Codes
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Abstract—We present analytical performance results for
space–time trellis codes over spatially correlated Rayleigh fading
channels. Bit-error-probability estimates are obtained based on
the derivation of an exact pairwise error probability expression
using a residue technique combined with a characteristic function
approach. We investigate both quasi-static and interleaved chan-
nels and demonstrate how the spatial fading correlation affects
the performance of space–time codes over these two different
channel models. Simulation results are also included to confirm
the accuracy of analytical estimates.

Index Terms—Bit-error rate, fading channels, pairwise error
probability (PEP), space–time trellis coding.

I. INTRODUCTION

SPACE–TIME trellis coding [1] has been proposed as an ef-
fective approach to support high data rate transmission over

fading channels. Since its introduction, a significant amount of
work has been published on the design, decoding, and applica-
tions of this new family of codes. Particular attention has been
paid on the analytical performance evaluation of space–time
coding [3]–[6]. In the original work [1], performance criteria
for space–time codes were derived based on an upper bound
on the pairwise error probability (PEP) for both quasi-static
flat fading channels, where the path gains are assumed con-
stant during a frame, and for symbol-by-symbol ideally inter-
leaved channels, where the path gains are assumed constant over
a symbol interval. For the latter case, the authors derived an
exact PEP expression [6] by making use of the residue tech-
nique combined with the characteristic function approach in [7]
and [8], which was used previously in the performance analysis
of trellis-coded modulation. Those results essentially constitute
a generalization of the technique in [8] for the multiple-transmit
and multiple- receive antenna case. Extensions to investigate
the effect of spatial fading correlation and multiple access in-
terference on performance were reported in [9] and [10]. In this
paper, using the matrix version of quadratic form of complex
Gaussian random variables [11], [12], we extend our results to
accommodate temporally correlated fading channels with our
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previous results in [6] and [9] being special cases. Based on the
derived PEP, this paper provides analytical performance results
for space–time coded systems over spatially correlated/uncorre-
lated quasi-static channels as well as perfectly interleaved chan-
nels. Straightforward manipulations of the exact expressions for
the PEP derived in this work do validate earlier results—like the
determinant [1] and equal eigenvalues [5] criteria, which had
been initially derived from bounds on the PEP—while factoring
in, analytically, the effect of correlation between the transmit
antennas.

II. SYSTEM MODEL

Let and be the number of transmit and receive an-
tennas, respectively. The binary data stream is first modulated
and mapped to a sequence of complex modulation symbols. The
modulated sequence is then fed to the space–time encoder. At
the receiver, the received signal is passed to a matched filter
having an impulse response with a scaling factor [8],
where is the noise power at the receiver in each receive
branch. The output of the matched filter is then sampled at each
signaling interval to produce

(1)

where is the complex valued modulation symbol transmitted
from the th transmit antenna in the th signaling interval and

is the fading coefficient modeling the channel from the
th transmit to the th receive antenna. The noise samples

in (1) are independent and identically distributed complex
Gaussian random variables and independent of the fading co-
efficients. Their variance is equal to unity due to the scaling
factor used in the matched filter [8]. The fading coefficients
are modeled as zero-mean complex Gaussian random variables
with a variance of . Here

coincides with the average signal-to-noise ratio (SNR)
per receive antenna. Assuming coherent detection with perfect
channel knowledge, the maximum likelihood receiver depends
on the minimization of the metric [1]

(2)

where is the vector consisting of the received signals collected
from receive antennas for a frame of symbols. The Viterbi
algorithm is then used to compute the path with the lowest accu-
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mulated metric. Denoting as the vector space of -by-
complex matrices and defining1

and

we can write the received signal at the th receive antenna in
matrix notation as

(3)

In this case, the metric in (2) can be rewritten as

(4)

III. DERIVATION OF PEP

The PEP , which represents the probability of
choosing the coded sequence when indeed was trans-
mitted, is given by

(5)
where is defined as

(6)

Inserting (3) into (6) and expanding the resulting terms, be-
comes

(7)

which is the matrix version of [6, eq. (5)]. The PEP is computed
as [7], [8]

(8)

1Throughout this paper, we use (�) and (�) to represent transpose and con-
jugate transpose operations, respectively. 0 2 � and III 2 �
are defined as zero and identity matrices with appropriate dimensions.

where is the Laplace transform of the pdf of random vari-
able , which is given in (7) as a summation over the quadratic
form of complex Gaussian variables. If we define the following
matrices:

an alternative representation for can be obtained as

(9)

The characteristic function of is then given as [11], [12]

(10)

where is the covariance matrix of . Considering the

independence of and , which constitute the
quadratic form, is found as

(11)

where is the covariance matrix of . Further-
more, defining as the covariance matrix of , we obtain

. The term of ,
, , is given as

(12)
where is the expectation operation.

IV. CASE STUDIES

In this section, we investigate two different cases, namely,
the symbol-by-symbol interleaved channel and the quasi-static
channel.

A. Spatially Correlated Symbol-by-Symbol Interleaved
Channel

We assume the fading coefficients are constant over one
symbol interval and change from one symbol to another inde-
pendently. Such an assumption can be justified by the use of
perfect interleaving. This is the case referred to as “fast fading”
in [1] and also investigated in [6] and [9]. We assume spatial
correlation between the transmit antennas while assuming inde-
pendency between receive antennas. Since symbol-by-symbol
interleaving guarantees temporal independence, is a
diagonal matrix, i.e., with

(13)
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where is the normalized spatial correlation factor between
fading coefficients and . Therefore, the inner term in
the determinant of (10) reduces to a form

In this case, it can be easily shown that (e.g., by induction)

(14)

Therefore, the characteristic function can be computed in a
product form over time instances

(15)
Expanding the denominator, we obtain

(16)

with

where is the set of time instances where the transmitted and
decoded sequences differ and stands for the number of
elements in . Equation (16) was previously obtained in [9]
starting from the scalar version of the quadratic form given in
[7]. It is worth noting that by setting (i.e., no spatial
correlation) in (16), we obtain the spatially independent case
investigated in [6]. As emphasized in [6], the first product term in
(16) is the upper bound in [1]. In other words, the exact PEP is the
upper bound derived in [1] modified by a correction factor given
by the second product term whose value depends on the poles of

. The form of (16) also reveals maximum diversity order
(i.e., slope of the performance curve) which can be achieved for
a space–time trellis coded system over an interleaved channel.
At large SNRs, the error performance curve is dominated by
the shortest error events. Denoting as the length of the
shortest error event, the error performance curve will vary with

asymptotically. Therefore, the product of the
number of receive antennas and the length of the shortest error
event of the underlying trellis code (i.e., ) determine the
diversity order. It is also seen from (16) that the use of multiple
transmit antennas over the interleaved channel only manifests

itself as an increase in the product distance, which affects the
coding gain (i.e., horizontal shift in the performance curve),
but not the diversity order. It is also observed that spatial
correlation between the transmit antennas only results in a
change in coding gain, but does not affect the diversity order.

B. Spatially Correlated Quasi-Static Channel

Now, we assume that the channel fading coefficients remain
constant over one frame (i.e., a number of symbols) and change
from one frame to another independently. The term of
is given in (17), shown at the bottom of the page, where
is the normalized spatial correlation factor between fading co-
efficients and . The time index in fading coefficients
are dropped due to the quasi-static assumption. is no more
diagonal due to the introduced temporal correlation between
fading gains and (15) does not hold any more. Using determi-
nant properties [14, p. 478] and exploiting the special structures
of and , (10) can be rewritten as

(18)

Furthermore, using properties of eigenvalues [14, pp. 36–42],
we obtain

(19)

Here, are the nonzero eigenvalues of

. A similar result is reported in [4]
for the spatially uncorrelated case. For this case, we can write

, where is defined as

.
Equation (19) reveals that the achievable maximum diversity

order is determined by the value of , namely the product of
the number of nonzero eigenvalues of and the number of re-
ceive antennas. It can be easily seen that the rank of (due to
its special form for quasi-static case), therefore the rank of ,
is limited by , (i.e., maximum out of total eigenvalues
turn out to be nonzero). This also agrees with the original criteria
derived in [1] by using a Chernoff bound. It is also worth em-
phasizing the similarity of (19) to (15). For interleaved channel

further reduces to a diagonal form, which also makes
diagonal with diagonal elements equal to given in (13). Since
the eigenvalues of a diagonal matrix are equal to its diagonal el-
ements, we can simply obtain (15) replacing with in (19).

(17)
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V. BIT-ERROR-PROBABILITY PERFORMANCE

When PEP can be expressed in product form, it is possible
to find an upper bound on the bit-error probability by using the
transfer function approach [7]. Here, however, PEP [i.e., (8)] is
given in terms of a residue computation and, therefore, does not
lend itself to the utilization of classical transfer function upper
bounding techniques. Thus, instead of using the transfer func-
tion approach which implicitly takes into account error events
of all lengths, an estimation of bit-error probability can be ob-
tained through accounting for error event paths of lengths up to
a predetermined specific value as follows [8]

(20)

where is the number of input bits per trellis transition and
is the number of bit errors associated with each

error event. Equation (20) essentially represents a truncation of
the infinite series used in calculating the union bound on the
bit-error probability. The maximum length of error events taken
into account, say , can be chosen considering the properties of
the code under investigation. The performance is mainly domi-
nated by the error events that diverge from the correct path with
the smallest number of symbols at nonzero Euclidean distances.
This can be defined as the effective code length (ECL) using a
similar terminology to [13]. Therefore, at least the error events
with ECL should be taken into account to obtain a sufficient es-
timate. Besides ECL, the distribution of error events may also
affect the overall bit-error-probability performance. For the spa-
tially correlated case, the choice of should be made in such
a way that at least nonorthogonal error events of the shortest
length are taken into account. Otherwise, it is not possible to
observe the correlation effect through just considering orthog-
onal error events. It should be mentioned that the shortest length
of nonorthogonal events may be higher than the ECL of the
code. As a final note, it should be emphasized that (20) does
not provide an upper bound on the bit-error probability. The ac-
tual results or the simulation results can be lower or higher than
the approximation [15]. Although our discussion here focuses
on the bit-error performance, one can use PEP expressions in
evaluating similar estimates for the frame-error probability by a
proper truncation of [16, eq. (14)].

VI. EXAMPLE: FOUR-STATE QPSK SPACE–TIME CODE

First, we consider the PEP computation for the shortest error
event of the four-state quadrature-phase-shift keying (QPSK)
space–time code proposed in [1] as an example. The trellis dia-
gram and the considered error event can be found in [6, Fig. 1].
The exact PEP for this specific error event is evaluated by using
(8) in conjunction with (16) for interleaved channel and with
(19) for quasi-static case. Computing the residues required in
(8) and after some mathematical manipulation, we obtain

(21)

Fig. 1. Performance of the four-state space–time trellis code (STTC) over
interleaved Rayleigh fading channels.

It is interesting to note that (21) corresponds to [7, eq.
(14.4)–(15)] with , which is an error probability ex-
pression obtained for receive diversity with maximal ratio
combining. For this error event, PEP expressions for both
channel types yield identical results due to the orthogonality of
error event and the coincidental fact that error length [diversity
determining parameter in (16)] and number of transmit antennas
[diversity determining parameter in (19)] are both equal to two
with corresponding eigenvalues of .

In the following, we focus on the bit-error probability of the
example code. The analytical estimates of bit-error probability
taking into account error events up to length and are
plotted in Fig. 1 for the four-state space–time code. Two different
cases for one and two receive antennas are considered. The simu-
lation results are also superimposed in the figure for comparison
purposes. It is clearly seen that the simulation results agree very
well with the analytical estimates. We should note that the ECL
of this code is two. Fig. 1 also shows that provides satis-
factory results indicating that most of the dominant error events
at the SNR of interest are included. It should be further empha-
sized that all the estimates, each computed based on different
values, converge for asymptotically high SNR values. These esti-
mates essentially represent a truncation of the infinite series used
in calculating the union bound on the bit-error probability. There-
fore, if we could take into account all error events (i.e., ),
an upper bound would be obtained. The convergence of our es-
timates, even at very small values of , shows that the conver-
gence to the union upper bound is quite fast for the interleaved
channel. In Fig. 2, we investigate the same code’s performance
over a quasi-static Rayleigh fading channel. Similar to Fig. 1, we
consider analytical estimates up to . The estimates pro-
vide good matches to simulation results taking into account only
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Fig. 2. Performance of the four-state STTC over quasi-static Rayleigh fading
channels.

a reasonably small number of error events. However, it should be
noted that the convergence of estimates to the union upper bound
is slower compared to the interleaved channel. This also shows
that the union bound becomes looser for a quasi-static channel al-
though it gives tight upper bounds for the interleaved channel.

A comparison of Figs. 1 and 2 reveals that the four-state code
gives the same diversity order regardless of the use of inter-
leaving. There is only a small coding gain obtained by the use
of interleaving. This can be easily explained based on the code
parameters: As shown by (16), the diversity order is determined
by . Since the ECL of this code (i.e., the smallest value
of over all possible error events) is two, the diversity order
achieved is two, assuming one receive antenna is used. As in-
dicated before, the use of multiple transmit antennas does not
affect the diversity order over the interleaved channel. On the
other hand, for the quasi-static case, the diversity order is deter-
mined by . Since the codes under investigation are designed
to provide full diversity [1], is equal to the number of transmit
antennas. Therefore, the diversity order is achieved again as two,
giving the same order as over the interleaved channel. This is a
result of the coincidental fact that ECL is equal to the number
of transmit antennas for this specific example.

In the following, we focus on the effect of spatial correlation.
Analytical estimates for various values of spatial correlation are
shown in Figs. 3 and 4 for interleaved and quasi-static channels,
respectively. Simulation results are also superimposed as dashed
lines in the figures.

It should be noted that all the error events of length two for this
code are orthogonal; therefore, it is not possible to observe the ef-
fect of spatial fading correlation through just taking into account
error events of length two. should be chosen at least three in this
case. Our results show that the spatial correlation only results in

Fig. 3. Effect of spatial correlation on the performance over interleaved
Rayleigh fading channels.

Fig. 4. Effect of spatial correlation on the performance over quasi-static
Rayleigh fading channels.

a decrease of coding gain over the interleaved channel. The per-
formance loss up to is negligible. The loss is less than
1 dB for (not shown in the figure). For the fully corre-
lated case (i.e., ), there is about a 3-dB loss, however, still
preserving the slope of the curve. Another point to note is that the
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effect of spatial correlation vanishes with increasing SNR. This
is observed especially well for the correlation value .
It demonstrates a similar performance to the curve of full cor-
relation (i.e., ) in the low SNR region; however, with
increasing SNR, it performs much better with a tendency to con-
verge to other curves with lower correlation values.

The effect of spatial correlation over the quasi-static channel
is much different from the interleaved case. It is observed from
Fig. 4 that spatial correlation values of and re-
sult in about 0.5 and 2 dB loss, respectively. In both cases, the di-
versity order, and therefore, the slope of the curve, is preserved.
When increases to one, diversity order is reduced to one, as it
can be easily observed from the slope of the curve in Fig. 4. We
plot two analytical estimates for this correlation value. One of
them is based on error events with length three as for the other
values of correlation. However, in the fully correlated case, since
some of the error events of length three reduce to length two,
which are not orthogonal, (recall that all length-two error events
of the code under investigation are orthogonal), we can also ob-
tain an estimate just based on the events with length two for this
special case. This estimate is also plotted and seen to provide a
better estimate to the corresponding simulation result.

VII. CONCLUSION

We provide analytical tools for the evaluation of space–time
trellis codes operating over Rayleigh fading channels. First, an
exact expression for PEP is derived for space–time codes, which
essentially constitutes an extension of previous results in [6]–[9]
which are limited to symbol-by-symbol interleaved channels
where the path gains are assumed constant over one symbol in-
terval.Basedon thederivedPEP,analytical estimates forbit-error
probability are computed taking into account a small number of
error events. The effect of spatial correlation is investigated for
both quasi-static and symbol-by-symbol interleaved channels.
Our results show that the spatial correlation between the transmit
antennas over the interleaved channel only results in a change
in coding gain, but does not affect the diversity order. For the
quasi-static scenario, full correlation reduces the diversity order,
but for a large range of correlation values, the performance of
space–time code is observed to be robust to spatial correlation.
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