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In this Letter, we investigate the error rate performance of coherent

M-ary phase shift keying (M-PSK) modulation over cascaded Rayleigh

fading with receive antenna diversity. Through the derived symbol

error rate (SER) expression, we present the maximum diversity order

achievable over such channels and demonstrate the performance

degredation in comparison to conventional Rayleigh channels.

Introduction: Cascaded Rayleigh distribution is used to model multi-

path fading in mobile-to-mobile communication scenarios and

provides a better fit to experimental data in such scenarios compared

to the conventional Rayleigh channel model, see [1] and references

therein. Although there is a vast literature dedicated to the perfor-

mance analysis over Rayleigh fading channels, there are only a few

results available for cascaded Rayleigh channels. Specifically, error

rate performance expressions have been derived in [1, 2] for differ-

ential binary PSK (DBPSK), differential quadrature PSK (DQPSK)

and noncoherent frequency shift keying (NFSK) assuming single

transmit and receive antennas.

In this Letter, we present an exact expression for the SER of

coherently detected M-PSK signals with receive antenna diversity

over cascaded Rayleigh fading channels.

Transmission model: We consider a wireless communication scenario

in which the receiver is equipped with multiple antennas over

cascaded Rayleigh fading channels. In a particular signalling interval,

the received signal at the nth receive antenna is given as rn¼ anxþ Zn,

n¼ 1, 2 . . . N, where x2 S¼ {
p

E exp( j2pk=M), k¼ 0, 1, 2 . . . M� 1},

S is the M-PSK modulation symbol set, E is the signal energy and Zn

is the additive thermal noise term which is modelled as a zero-mean

complex Gaussian random variable with variance N0=2 per dimension.

The fading coefficient an represents the channel gain from the

transmit antenna to the nth receive antenna and is assumed to be

constant over one signalling interval. It is modelled as the product of

two independent complex Gaussian random variables each of which

has zero mean and variance of 0.5 per dimension, i.e. a¼ a1a2.

Therefore, its magnitude jaj follows a cascaded Rayleigh distribution

[5], i.e. f(jaj)¼ 4jajK0(2jaj) with normalised power E[jaj2]¼ 1. Here,

K0( � ) is the modified Bessel function of the second kind of zero order.

SER performance of M-PSK: For coherently detected M-PSK signals

with maximal ratio combining (MRC) under the assumption of the

same average signal-to-noise-ratio (SNR) for all channels, the SER

can be calculated through the so-called moment generating function

(MGF) approach [3]:
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where Fg( � ) is the MGF of instantaneous SNR, i.e. g¼ jaj2(Es=N0). For

cascaded Rayleigh fading channels, the probability density function

(PDF) of instantaneous SNR is found as

pgðgÞ ¼ ð2
ffiffiffi
g
p
ÞK0ð2

ffiffiffiffiffiffiffi
g=�g

p
Þ ð2Þ

where ḡ¼Es=N0 denotes the average SNR. MGF is defined by

Fgð�sÞ ¼

ð1
0

expð�sgÞpgðgÞdg ð3Þ

Replacing (2) in (3) and using the integral representation of K0( � )

[8, p. 969, 8.432.6], we obtain

Fgð�sÞ ¼
1

�g

ð1
t¼0

expð�tÞ

t

ð1
g¼0

exp �g sþ
1

t�g

� �� �
dg

� �
dt

¼

ð1
t¼0

expð�tÞ

1þ s�gt
dt ð4Þ

The resulting integral can solved as [8, p. 358, 3.352.4]
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where Ei( � ) is the exponential integral function, which can be further

rewritten in terms of incomplete gamma function, i.e.

G(0, x)¼ �Ei(�x) [8, p. 951, 8.359.1]. This yields the final SER

expression in the form of a single finite-range integral as
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To have further insight into the performance over cascaded Rayleigh

fading, we can upper bound (6), replacing y¼ p=2, to obtain
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where we define

g ¼ exp �
1

�g sin2ðp=M Þ

� �
G 0;

1

�g sin2ðp=M Þ

� �
ð8Þ

This can be compared to a similar bound for Rayleigh fading channels

[7]:
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Equations (7) and (9) are identical to each other except for the

additional term g (which is a function of SNR) observed for the

cascaded Rayleigh channel.

Achievable diversity order for cascaded Rayleigh fading channels:

The asymptotical diversity order (da) is given by the magnitude of the

slope of SER against average SNR in a log-log scale [7]:

da ¼ lim
�g!1
ð� log PðeÞ=log �gÞ ð10Þ

It is easy to see from (9) that a diversity order of N can be obtained for

Rayleigh fading. Substituting (6) into (10) and taking the limit for
�g!1, we observe that g! 0 and, therefore, the same diversity order

is also achieved for cascaded Rayleigh fading. However, it should be

emphasised that the convergence of g to zero is rather slow and

therefore the classical definition of asymptotical diversity order is not

able to capture the performance behaviour over cascaded Rayleigh

fading channels. To overcome this problem, we define the effective

diversity order (de) as

de ¼ ð� log PðeÞ=log �gÞ �!
�g!1

da ð11Þ

which obviously converges to da for high SNR. Fig. 1 shows de over

both Rayleigh and cascaded Rayleigh channels for N¼ 1, 2, 4. As

clearly observed, the convergence of effective diversity order to

asymptotical diversity order is immediate for Rayleigh fading channels

and is observed for practical SNR values. However, for cascaded

Rayleigh fading channels, this convergence is very slow and only a

partial diversity order is observed within SNR ranges of practical interest.

Simulation results: In this Section, we present simulation results to

verify the analytical results. We assume 4-PSK modulation and employ

N¼ 1, 2, 4 receive antennas. Simulated SER performance over both

Rayleigh and cascaded Rayleigh fading channels are shown in Fig. 2. A

diversity order of N¼ 1, 2, 4 is achieved for Rayleigh channels

confirming (9). In comparison to Rayleigh fading, we observe a

performance degradation in cascaded Rayleigh fading as predicted by

our derived expression in (7). Specifically at SER¼ 10�3, a

performance loss of 9, 6.5 and 4 dB is observed for N¼ 1, 2, 4

antennas, respectively. We should further emphasise that the slopes

of performance curves for cascaded Rayleigh channels are less than

those observed for Rayleigh channels in the considered SNR range of

(0, 60 dB). It should be also noted that the analytical SER plots (which
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have not been included here owing to space limitations) for Rayleigh

and cascaded Rayleigh channels become parallel to each other,

therefore achieving the same asymptotical diversity order only for

impractically large SNR values.

Fig. 1 Effective diversity order over Rayleigh and cascaded Rayleigh
fading channels

—u—u— N¼ 4, Rayleigh
---u---u--- N¼ 4, cascaded Rayleigh
—�þ—�þ –– N¼ 2, Rayleigh
---�þ---�þ--- N¼ 2, cascaded Rayleigh
—–þ—–þ— N¼ 1, Rayleigh
----þ----þ--- N¼ 1, cascaded Rayleigh

Fig. 2 Simulated SER performance over Rayleigh and cascaded Rayleigh
fading channels
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—�þ—�þ–– N¼ 2, Rayleigh
---�þ---�þ--- N¼ 2, cascaded Rayleigh
—–þ—–þ— N¼ 1, Rayleigh
----þ----þ--- N¼ 1, cascaded Rayleigh

Conclusion: We have derived an exact expression for SER perfor-

mance of M-PSK modulation with receive diversity in cascaded

Rayleigh fading channels through the MGF-based approach. Our

diversity analysis reveals that the asymptotical diversity order is

equal to the number of receive antennas, which is the same as that

of conventional Rayleigh fading. However, unlike Rayleigh channels

this diversity advantage is partially exploited within practical SNR

ranges. Simulation results are further demonstrated to confirm the

analytical results.
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