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Asymptotic Performance Analysis of
Distributed Space-Time Codes
Murat Uysal, Onur Canpolat, and Muhammad Mehboob Fareed

Abstract— We study the asymptotic behavior of a cooperative
scheme operating in amplify-and-forward (AF) mode for a large
number of relays. An optimal code design rule is derived through
the investigation of pairwise error probability (PEP) expression.
The design rule turns out to be an Euclidean-distance-type metric
including some scaling terms due to path loss and shadowing
effects associated with underlying relay links and AF operation
mode. Since the design criterion is channel dependent, it does not
allow itself for a practical code design. However, we demonstrate
that classical Euclidean distance can be used as a sub-optimal
solution for realizing cooperative diversity advantages which we
further verify through our simulation study.

Index Terms— Distributed space-time codes, cooperative diver-
sity, fading channels, pairwise error probability.

I. INTRODUCTION

COOPERATIVE diversity exploits the broadcast nature of
wireless transmission and creates a virtual (distributed)

antenna array through cooperating nodes to extract spatial
diversity [1-2]. Conventional space-time codes (STC) [3] can
be employed in a distributed fashion to realize cooperative
diversity advantages, c.f. [2] and the references therein. Specif-
ically, Nabar et.al. [2] analyze distributed STC operating in
AF mode through the derivation of PEP. They prove that the
original design criteria for conventional STC, i.e., rank and
determinant criteria, still apply for the design of distributed
STC schemes under the assumption that appropriate power
control rules are employed at relay terminals. In this paper,
we revisit the PEP analysis in [2] for a large number of
relays and demonstrate that the performance of distributed
STC schemes is dominated by a metric similar to Euclidean
distance. Although our analytical derivation is based on the
assumption of a large number of relays exploiting central limit
theorem, our simulation results further indicate that distributed
STCs based on Euclidean distance provide good performance
even for a small number of relays. The letter is organized as
follow: In Section II, we describe the relay transmission model
and derive an upper bound on the PEP of distributed STCs.
Section III and IV present simulation results and conclusions.

II. TRANSMISSION MODEL AND DERIVATION OF PEP

A wireless communication scenario where the source ter-
minal S transmits information to the destination terminal D
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TABLE I

USER COOPERATION PROTOCOL

Slot 1 ... Slot M-1 Slot M

S(x1) → R1 S(xM−1) → RM−1 R1(x1) → D

R2(x2) → D

...

RM−1(xM−1) → D

S(xM ) → D

with the assistance of half-duplex relay terminals Rm,m =
1, 2, ...,M − 1 is considered. The source and relay terminals
are equipped with single transmit and receive antennas while
the destination terminal has N receive antennas. We consider
a quasi-static fading channel and adopt a generalized version
of the user cooperation protocol proposed in [2] (See Table I).
Let the signals transmitted by the source terminal be defined
as xm,m = 1, 2, ...,M . We assume M-PSK modulation with
normalized unit energy for the signals, i.e., E[|xm|2] = 1.
The source terminal transmits the first M − 1 modulation
symbols, i.e., x1, x2, ..., xM−1 to the relays R1, R2, ..., RM−1

respectively, by communicating with only one of the relays
during each time slot. The transmitted signal is received at
the relay terminal and buffered for subsequent forwarding.
It is assumed that there is no transmission from source-
to-destination until the M th time slot. During this period,
the destination terminal might be possibly engaged in data
transmission to another terminal based on a similar motivation
as in [2]. In the M th time slot, both the relays and source
terminal communicate with the destination terminal.

The signal received at the mth relay terminal is given by

rRm
=

√
ESRm

hSRm
xm + ηRm

,m = 1, 2, ...,M − 1 (1)

where ESRm
represents the average energy available at the

relay terminal Rm considering the path loss and possible
shadowing effects in source-to-relay link (S → Rm). The
relay terminals normalize their respective received signals rRm

by a factor of
√

E(|rRm
|2) to ensure that the average energy

is unity and re-transmit these signals during the M th time
slot. Therefore, the received signal at the nth receive antenna
of the destination terminal is given by

rDn
=

√
ESDhSDn

xM +
M−1∑
m=1

√
ERmDhRmDn

×
rRm√

E[|rRm |2] + ηDn
, n = 1, 2, ..., N − 1 (2)
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where ESD = ESDn
and ERmD = ERmDn

1 represent
the average energies available at the destination terminal
which take into account path loss and shadowing effects
in source-to-destination (S → D) and relay-to-destination
(Rm → D) links, respectively. In (1)-(2), ηRm

and ηDn

are the additive noise terms which are assumed to be the
independent samples of zero-mean complex Gaussian random
variables with variance N0/2 per dimension. hSRm

and hSDn

represent respectively S → Rm and S → Dn link fading
coefficients, which are assumed to be i.i.d. (independent and
identically distributed) complex Gaussian with variance 0.5
per dimension, which leads to a Rayleigh fading channel
assumption. On the other hand, hRmDn

represent Rm → Dn

link fading coefficients, which are assumed to be i.i.d. complex
Gaussian with mean µm and variance σ2

m per dimension.
This leads to a Rician fading channel model with the Rician
parameter defined as Km = KRmDn

= µ2
m/σ2

m. Replacing
(1) in (2) and after some mathematical manipulation, we
obtain

rDn
=

M∑
m=1

hm,nxm + ηn (3)

where hm,n is defined as hm,n = ΛmhSRm
for m =

1, 2, ...,M − 1 and hm,n = ΛmhSDn
for m = M , respec-

tively. Defining a = (1 +
∑M−1

m=1 (ERmD|hRmDn
|2/N0)/(1 +

ESRm
/N0))−1 and b = (ESRm

/N0)/(1 + ESRm
/N0), Λm

are given by

Λm =

{√
abmERmDhRmDn

m = 1, ...M − 1√
aESD m = M

(4)

The destination terminal makes an observation for L
consecutive transmission frames each of which has M
time slots. The fading coefficients are assumed to re-
main constant following the quasi-static channel assump-
tion. Introducing the index l = 1, 2, ..., L in (3), we de-
fine xm = (xm,1, xm,2, ..., xm,L)T and the code matrix
X = [x1,x2, ...,xM ] of size L × M . Further defining
the following vectors hn = (hn,1, hn,2, ..., hn,M )T , rn =
(rDn,1, rDn,2, ..., rDn,L)T and ηn = (ηn,1, ηn,2, ..., ηn,L)T

for n = 1, 2, ..., N , the received sequence can be written as
rn = Xhn + ηn.

The PEP represents the probability of choosing an erroneous
sequence X̂ when indeed X was transmitted. Assuming max-
imum likelihood decoding under the assumption of perfect
channel state information (CSI), Chernoff bound on PEP is
given by [3]

P (X, X̂|hn) ≤ exp

(
−

N∑
n=1

M∑
m=1

λm

4N0
|βm,n|2

)
(5)

where βm,n =
∑M

k=1 hn,kν∗
k,m is the mth element of the

M -length vector VHhn. Here, V is a unitary matrix such
that, VHΛH(X − X̂)H(X − X̂)ΛV = D where D is a real
diagonal matrix with entries λm. λm also correspond to

1Receive antennas at the destination terminal are co-located, therefore it is
reasonable to assume that the respective pathloss/shadowing effects are the
same.

the eigenvalues of ΛH(X − X̂)H(X − X̂)Λ. Λ is a diag-
onal matrix where the diagonal terms Λm are already de-
fined by (4). Therefore, defining γm as the eigenvalues of
(X − X̂)H(X − X̂) , λm can be written as λm = Λmγm

which are functions of hRmDn
. For large values of N and M ,

PEP takes the form of

P (X, X̂|hRmDn
) ≤ exp

(
−N

M∑
m=1

λm

4N0

)
(6)

according to the central limit theorem following a similar
derivation in [4], [5] for conventional STCs. Under the as-
sumptions of ESD/N0 � 1, ERmD/N0 � 1, ESRm

/N0 � 1
and ESRm

/N0 � ERmD/N0 , we perform an expectation
over (6) with respect to hRmDn

which yields

P (X, X̂) ≤
M−1∏
m=1

1 + Km

1 + Km + NERmD

4N0
χL,m

×exp

(−NESD

4N0
χL,m

)
exp

(
−KmN

ERmD

4N0
χL,m

1 + Km + NERmD

4N0
χL,m

)
(7)

where χL,k =
∑L

l=1 |xk,l − x̂k,l|2. In the following, we
consider two extreme cases where the Rician parameter for
Rm → Dn links is chosen as i) Km = 0 (i.e., Rayleigh
fading) and ii) Km → ∞ (i.e., no fading): Rearranging (7),
we have

P (X, X̂) ≤ exp

(
−ESD

4N0
d2

)
(8)

d2 = NχL,M +
(

ESD

4N0

)−1 M∑
m=1

ln

(
1 +

NERmD

4N0
χL,M

)
(9)

for Km = 0 and

d2 = NχL,m + N

(
ESD

4N0

)−1 M∑
m=1

ERmD

4N0
χL,m (10)

for Km → ∞. It is obvious that both (9) and (10) are depen-
dent on channel parameters due to scaling terms. Therefore,
these can be used for code design only by imposing some
assumptions on the operating signal-to-noise ratios (SNRs)
of the underlying links in the cooperative scheme. Such an
approach might not be of practical use for most scenarios and
those codes designed for a specific range of SNR might fail
for another range. However, it is interesting to note that for
the special case of ERmD = ESD, (10) reduces to “classical”
Euclidean distance, i.e., d2 = N

∑M
m=1

∑L
l=1 |xm,l − x̂m,l|2.

We can therefore consider classical Euclidean distance as
a sub-optimal solution for the design of distributed STCs
for realizing cooperative spatial diversity. This allows us to
use off-the-shelf codes designed by maximizing Euclidean
distance on which there already exists a rich literature, see
e.g., [4], [6].

III. NUMERICAL RESULTS

In this section, we compare the performance of 4-state rate-
1/2 QPSK space-time trellis code (STTC) of [3] and a space-
time code obtained by choosing a “good” binary 4-state rate-
2/4 convolutional code [6- p.1688, Table VII] and mapping its
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Fig. 1. The performance comparison of distributed STTC [3] and distributed
convolutional code [6] with underlying Rayleigh fading links.
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Fig. 2. The performance of distributed convolutional code [6] in the presence
of non-fading, Rician and Rayleigh relay-to-destination links. Source-to-relay
and source-to-destination links are Rayleigh faded.

symbols onto QPSK [4]. For all simulations, SNR values for
S → D and R → D links are taken equal, i.e. ESD/N0 =
ERD/N0, which can be achieved through power control in
practice.

In Fig. 1, we present frame error rate (FER) performance
of the considered codes for the single-relay case when the
destination terminal is equipped with N = 2 and 4 re-
ceive antennas for ESR/N0 = 10dB and 30dB. We assume
Rayleigh fading for all underlying links. Our results clearly
demonstrate that the standard convolutional code (designed
based on Euclidean distance) substantially outperforms the
STTC of [3] (designed based on rank and determinant criteria)
irrespective of ESR/N0 value in a scenario with single relay
and four receive antennas at the destination terminal. For
N = 2, the convolutional code again outperforms the STTC
under the assumption of ESR/N0 = 10dB. For ESR/N0 =
30 dB, the convolutional code still has better performance

for intermediate ESD/N0 values while it is asymptotically

outperformed by the STTC. As ESR/N0 becomes smaller,
the performance of both codes degrade as a result of the noise
amplification [2].

Fig. 2 presents FER results for the convolutional code
assuming non-fading, Rayleigh fading and Rician fading R →
D links. Rayleigh fading is still assumed for the other links.
For ESR/N0 = 30dB, the performance is best under the
assumption of non-fading R → D link and the performance
with Rician fading R → D link lies between two extreme
cases as expected. However, interestingly, for ESR/N0 =
10dB, a better performance is observed in the presence of
fading R → D link in comparison to the non-fading case.
This rather surprising result can be actually verified through
PEP expressions. For the limiting case of ESR/N0 → 0, it can
be shown that PEP expressions for non-fading and Rayleigh
fading R → D links are, respectively, given by

P (X, X̂) ≤
N∏

n=1

(1 + ∆)−1 (11)

P (X, X̂) ≤
N∏

n=1

[1 − exp(∆)Γ(0,∆)]−1 (12)

where ∆ = N
4

ESD

ERD
and Γ(., .) denotes the incomplete Gamma

function. For the same value of ∆, (12) is smaller than (11)
indicating that a better performance should be expected for
fading case in comparison to non-fading case.

IV. CONCLUSION

In this letter, we have studied the performance of a relay-
assisted transmission scheme through the derivation of a
PEP expression. The derived PEP indicates that the design
criterion is channel-dependent and does not allow itself for
practical code construction. As a suboptimal solution, we have
considered standard convolutional codes designed based on
classical Euclidean distance. Through simulation, we have
demonstrated that these codes outperform STCs designed on
rank and determinant criteria and realize significant diversity
advantages in a distributed scenario.

REFERENCES

[1] J. N. Laneman and G. W. Wornell, “Distributed space-time-coded pro-
tocols for exploiting cooperative diversity in wireless networks,” IEEE
Trans. Inf. Theory, vol. 49, no. 10, pp. 2415-2425, Oct. 2003.

[2] R. U. Nabar, H. Bolcskei, and F. W. Kneubhler, “Fading relay channels:
performance limits and space-time signal design,” IEEE J. Sel. Areas
Commun., vol. 22, no. 6, pp. 1099-1109, Aug. 2004.

[3] V. Tarokh, H. J. Jafarkhani, and A. R. Calderbank, “Space-time block
codes from orthogonal designs,” IEEE Trans. Inf. Theory, vol. 45, no. 5,
pp. 1456-1467, July 1999.

[4] E. Biglieri, G. Taricco, and A. Tulino, “Performance of space-time codes
for a large number of antennas,” IEEE Trans. Inf. Theory, vol. 48, no. 7,
pp. 1794-1803, July 2002.

[5] J. Yuan, Z. Chen, B. Vucetic, and W. Firmanto, “Performance and design
of space-time coding in fading channels,” IEEE Trans. Commun., vol. 51,
no. 12, pp. 1991-1996, Dec. 2003.

[6] J. J. Chang, D. J. Hwang, and M. C. Lin, “Some extended results on the
search for good convolutional codes,” IEEE Trans. Inf. Theory, vol. 43,
pp. 1682-1697, Sept. 1997.

Authorized licensed use limited to: University of Waterloo. Downloaded on July 17, 2009 at 21:04 from IEEE Xplore.  Restrictions apply.


