
IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 7, NO. 5, MAY 2008 1963

Cooperative Diversity over Log-Normal Fading
Channels: Performance Analysis and Optimization

Majid Safari, Student Member, IEEE, and Murat Uysal, Senior Member, IEEE

Abstract— Although there has been a growing interest on
cooperative diversity, the current literature is mainly limited to
the results obtained for Rayleigh, Rician, or Nakagami fading
channels. In this paper, we investigate the performance of
cooperative diversity schemes over log-normal fading channels
which provide an accurate channel model for indoor wireless
environments. We focus on single-relay cooperative networks with
amplify-and-forward relaying and consider three TDMA-based
cooperation protocols which correspond to distributed implemen-
tations of MIMO (multi-input multi-output), SIMO (single-input
multi-output), and MISO (multi-input single-output) schemes.
For each protocol under consideration, we derive upper bounds
on pairwise error probability over log-normal channels and
quantify the diversity advantages. Based on the minimization
of a union bound on the bit error rate performance, we further
formulate optimal power allocation schemes which demonstrate
significant performance gains over their counterparts with equal
power allocation.

Index Terms— Cooperative diversity, distributed space-time
codes, pairwise error probability, power allocation, log-normal
fading.

I. INTRODUCTION

Amajor impairment in wireless channels is the multipath-
induced fading which causes random fluctuations in the

received signal level. For a typical mobile wireless channel in
urban areas where there is no line of sight propagation and
the number of scatters is considerably large, the application of
central limit theory indicates that the complex fading channel
coefficient can be modeled with two quadrature components
which are zero-mean Gaussian random processes. As a result,
the amplitude of the fading envelope follows a Rayleigh
distribution. In terms of error rate performance, Rayleigh
fading converts the exponential dependency of the bit error
rate on the signal-to-noise ratio (SNR) for the classical additive
white Gaussian noise (AWGN) channel into an approximately
inverse linear one, resulting in a large SNR penalty.

Diversity techniques are widely adopted in wireless com-
munication systems as a counter-measure to fading effects
providing redundancy across independently faded diversity
branches. Deployment of multiple transmit and/or receive
antennas realizes the advantages of spatial diversity. Through
the use of suitably designed space-time codes [1]–[3], diversity
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and/or multiplexing gains can be achieved at no cost in terms
of transmission time and bandwidth expansion.

An alternative form of spatial diversity, referred as ”cooper-
ative diversity” [4]–[9], has been recently proposed to realize
diversity advantages in a distributed manner. In this technique,
spatial diversity gain is extracted by creating virtual antenna
arrays through cooperating users. In their pioneering work
[6], Laneman et al. have proposed a two-phase cooperation
protocol which is able to extract the full spatial diversity. In
the first phase (i.e., broadcasting phase), the source transmits
to the destination and relay terminals. In the second phase
(i.e., relaying phase), the relays transmit their received sig-
nals to the destination using either orthogonal sub-channels
(repetition based cooperative diversity) or the same sub-
channel (space-time coded cooperative diversity). The receiver
coherently combines the received signals over two phase
durations realizing receive diversity in a distributed manner.
In [8], Nabar et al. have established a unified framework for
user cooperation protocols in single-relay wireless networks.
They propose three TDMA (time division multiple access)-
based cooperation protocols so-called Protocol I, Protocol II,
and Protocol III which realize distributed MIMO (multi-input
multi-output), SIMO (single-input multi-output) and MISO
(multi-input single-output) configurations, respectively. Pro-
tocol II coincides with Laneman et.al.’s cooperation protocol
proposed in [6]. Protocol I differs from Protocol II in the sense
that the source terminal continues transmission in the relaying
phase and it has been recently shown in [10] that this protocol
is optimal in terms of diversity-multiplexing trade-off.

Although there has been a growing interest on cooperative
diversity, the current literature is mainly limited to the results
obtained for Rayleigh, Rician, or Nakagami fading channels.
These channel models accurately capture the characteristics of
outdoor wireless channels, however log-normal fading is found
to be a better fit for indoor radio propagation environments
[11]–[14]. It has been demonstrated through empirical fading
channel measurements that short-term and long-term fading
effects tend to get mixed in indoor wireless channels and the
log-normal statistics tend to dominate, and therefore, describe
the distribution of the channel coefficient. The performance
of receive antenna diversity in log-normal fading channels has
been studied in [15], [16]. In [15], Alouini and Simon have
derived outage probability and amount of fading for maximal-
ratio combining, selection combining, and switch-and-stay
combining schemes assuming the deployment of two receive
antennas. In [16], Piboongungon and Aalo have derived the
outage probability for selection combining with more than two
receive antennas.

To the best of our knowledge, there have been no previous
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results reported on cooperative diversity in the presence of log-
normal fading. Aiming to fill this research gap, the current
paper analyzes the error rate performance of cooperative
diversity schemes over log-normal fading channels through the
derivation of upper bounds on pairwise error probability (PEP)
expressions and further optimizes the performance through
power allocation among cooperating nodes taking into ac-
count the relay location. Specifically, we consider single-relay
cooperative networks under the framework of Nabar et al.’s
[8] cooperation protocols which effectively cover distributed
MIMO, SIMO, and MISO configurations. Our performance
analysis builds upon the derivation of Chernoff bounds on PEP
and a union bound on the bit error rate (BER) performance.
Since conventional definition of diversity order is of no use
for log-normal channels, we define so-called “relative diversity
order (RDO)” to quantify the diversity advantages and to
compare the performance of various competing schemes. We
further formulate a power allocation scheme for cooperative
diversity schemes under consideration and optimize their
BER performance over log-normal channels. The optimized
protocols demonstrate significant performance gains over their
counterparts with equal power allocation.

The rest of the paper is organized as follows: In Section
II, we introduce the relay-assisted transmission model and
describe the received signal models for Protocols I, II, and
III. In Section III, we derive upper bounds on the PEP for
each protocol over log-normal fading channels. In Section
IV, we investigate optimal power allocation with an objective
function given in terms of a union bound on the BER. In
Section V, we analyze the diversity gains for each of the
protocols under consideration with both equal and optimal
power allocation. In Section VI, we present an extensive
Monte-Carlo simulation study to confirm the diversity gains
predicted by the derived analytical expressions and to compare
them with several benchmark schemes. Section VII finally
concludes the paper.

II. SYSTEM MODEL

We consider a single-relay scenario where terminals operate
in half-duplex mode and are equipped with single transmit
and receive antennas. The fading coefficients over source-
to-destination (S→D), source-to-relay (S→R), and relay-to-
destination (R→D) links are denoted by hSD, hSR, and hRD

which are assumed to be independent and identically distrib-
uted (i.i.d) log-normal random variables. Dropping indexes
for convenience, the probability density function (pdf) of h
is given by [15]

fh(h) =
ξ√

2πσah
exp

[
− (20 log10 h − ma)2

2σ2
a

]
(1)

where ma and σ2
a are, respectively, the mean and variance

of a
def
= 20 log10 h which follows Gaussian distribution and

ξ = 20/ ln 10 = 8.6859. To ensure that the fading does not
attenuate or amplify the average power, h is normalized such
that E[h2] = 1. Doing so requires

E[h2] = E[102a/20] = E[e2a/ξ] = Ma (2/ξ) = 1 (2)

where Ma (s) is the moment generating function of a and
is given by Ma (s) = exp

(
mas + σ2

as2
/
2
)

[17]. Hence,

choosing ma = −σ2
a/ξ makes the average power loss due to

channel fading unity. Typical values of the standard deviation
of fading coefficients (i.e., σa) for indoor wireless channels
fall in the range of 3-5 dB [14].

To reflect the effects of relays’ location on the performance
of cooperative schemes, we further incorporate the path loss
effects in our transmission model. Assume that source, relay,
and destination terminals are located in a two-dimensional
plane where dSD, dSR, and dRD denote the distances of the
underlying S→D, S→R, and R→D links respectively and θ
is the angle between lines S→R and R→D. The path loss of
a link A→B is given by PL (A,B) = K/dα

AB [18] where
K is a constant depending on the propagation environment,
dAB denotes the Euclidean distance between nodes A and B,
and α is the path loss coefficient. In indoor wireless channels,
α varies from 1.6 to 6 [18]. Normalizing the path loss by
PL (S,D) associated with the direct link, the relative geomet-
rical gain of S→R and R→D links are defined, respectively,
as [19] GSR = PL (S,R)/PL (S,D) = (dSD/dSR)α and
GRD = PL (R,D)/PL (S,D) = (dSD/dRD)α, which can
be related to each other as G

2/α
RD +G

2/α
SR −2G

1/α
RDG

1/α
SR cos θ =

G
2/α
RDG

2/α
SR . Furthermore, the path loss ratio can be defined as

β =
GSR

GRD
=

(
dRD

dSR

)α

(3)

which indicates the location of the relay relative to the source
and destination. The smaller the ratio is, the closer the relay
is located to the destination. The particular case of β = 0
dB means both source and destination terminals have the
same distance to the relay. In the following, we introduce the
received signal models for Protocols I, II, and III assuming
amplify-and-forward relaying and the related power allocation
parameters.

Protocol I: In Protocol I, the source terminal communicates
with the relay and destination terminals during the first time
slot, i.e., broadcasting phase. In the second time slot, i.e.,
relaying phase, both the relay and source terminals com-
municate with the destination terminal. In the corresponding
power allocation problem, we need to identify three vari-
ables; namely, the power used by the source terminal in the
broadcasting phase (i.e., PS1), the power used by the source
terminal in the relaying phase (i.e., PS2), and the power
used by the relay terminal (PR2). The overall energy used
by both source and relay terminals is 2E during two time
slots, therefore Ps1 + Ps2 + PR2 = 2E. We introduce two
optimization parameters, namely KT which represents the
fraction of power dedicated to the broadcasting phase and
KS which represents the fraction of power allocated to the
source terminal in the relaying phase. It can be then easily
verified that PS1 = 2KT E, PS2 = 2(1 − KT )KSE, and
PR2 = 2(1−KT )(1−KS)E for 0 ≤ KT ,KS ≤ 1. For equal
power allocation, KT and KS are simply set to 0.5.

Let x1 denote the transmitted signal with power PS1 =
2KT E in the first time slot. Assuming M-PSK (phase shift
keying) modulation with normalized unit energy for the signals
and considering path-loss effects, the received signals at the
relay and destination are respectively given as

rR =
√

2GSRKT EhSRx1 + nR, (4)
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rD,1 =
√

2KT EhSDx1 + nD,1. (5)

In the second time slot, the source terminal transmits x2 using
power PS2 = 2(1 − KT )KSE. At the relay terminal, the
received signal rR is normalized by a factor of E[|rR|2] =√

2GSRKT E + N0 to ensure the unity of average energy and
retransmitted using PR2 = 2(1−KT )(1−KS)E in the second
time slot. Therefore, the received signal at the destination
terminal is the superposition of transmitted signals by the relay
and source terminals resulting in

r′D,2 =
√

2GRD (1 − KT ) (1 − KS)EhRD
rR√

E[|rR|2]
+
√

2 (1 − KT ) KSEhSDx2 + n′
D,2.

(6)

In (4)-(6), nR, nD,1, and n′
D,2 are independent complex

Gaussian random variables with zero mean and variance N0/2
per dimension, which model additive noise terms. Replacing
the normalizing term E[|rR|2] =

√
2GSRKT E + N0 in (6)

we obtain

r′D,2 = 2E
√

GSRGRD(1−KT )(1−KS)KS

2GSRKT E+N0
hRDhSRx1

+
√

2 (1 − KT )KSEhSDx2 + ñ
(7)

where the effective noise term ñ is defined as

ñ =

√
2GRD (1 − KT ) (1 − KS) KT E

2GSRKT E + N0
hRDnR + n′

D,2. (8)

Conditioned on hRD, ñ is a zero mean complex Gaussian
random variable with variance of

σ2
ñ|hRD

= E[ |ñ|2∣∣hRD]

=
(
1 + 2GRD(1−KT )(1−KS)Eh2

RD

2GSRKT E+N0

)
N0.

(9)

We assume that the destination terminal nor-
malizes the received signal given by (7) with√

1 + 2GRD(1 − KT )(1 − KS)Eh2
RD/(2GSRKT E + N0),

resulting in1

rD,2 =
√

γ1

√
EhRDhSRx1 +

√
γ2

√
EhSDx2 + nD,2 (10)

where nD,2 is complex Gaussian random variable with zero
mean and variance N0/2 per dimension. In (10), γ1 and
γ2 are defined as γ1 = 2GSRKT /(hRD

2 + A1) and γ2 =
A2/(hRD

2 + A1), respectively, where

A1 =
(2GSRKT SNR + 1)

[2GRD (1 − KT ) (1 − KS) SNR]
(11)

A2 = KS (2GSRKT SNR + 1)/[GRD (1 − KS) SNR] (12)

with SNR = E/N0. After setting up the relay-assisted
transmission model for Protocol I given by (5) and (10),
we now introduce space-time coding across the transmitted
signals x1 and x2. For the case of single relay deployment
as considered here, we use STBC (space-time block code)
designed for two transmit antennas, i.e., Alamouti’s scheme.

1This does not change the signal-to-noise ratio, but simplifies the ensuing
presentation [8].

The received signals at the destination terminal over four time
slots can be written in a matrix form as⎡
⎢⎢⎣

rD,1

rD,2

rD,3

rD,4

⎤
⎥⎥⎦

T

︸ ︷︷ ︸
r

=
[

hSD hSRhRD

]︸ ︷︷ ︸
h

X +

⎡
⎢⎢⎣

nD,1

nD,2

nD,3

nD,4

⎤
⎥⎥⎦

T

︸ ︷︷ ︸
n

XT =

⎡
⎢⎢⎣

√
2KT

√
Ex1 0√

γ2

√
Ex2

√
γ1

√
Ex1√

2KT

√
Ex∗

2 0√
γ2

√
Ex∗

1 −√
γ1

√
Ex∗

2

⎤
⎥⎥⎦ .

(13)

Protocol II: This protocol is a distributed SIMO imple-
mentation and does not involve transmit diversity. Therefore,
unlike Protocol I which relies on two optimization parameters
KT and KS , only KT is relevant for Protocol II optimization.
Considering path loss effects, the received signals at the relay
and destination in the first time slot are given as

rR =
√

2GSRKT EhSRx1 + nR, (14)

rD,1 =
√

2KT EhSDx1 + nD,1. (15)

For the second time slot, the received signal at the destination
is given by

r′D,2 =
√

2GRD (1 − KT ) EhRD
rR√

E[|rR|2]
+ n′

D,2. (16)

Replacing (14) and E[|rR|2] =
√

2GSRKT E + N0 in (16)
and further normalizing the resulting signal such that the
additive noise term has a variance of N0 [8], we have

rD,2 =
√

γ3

√
EhSDhRDx + nD,2 (17)

where γ3 = 2GSRKT /(hRD
2 + A3) with A3 =

(2GSRKT SNR + 1)/[2GRD(1 − KT )SNR]. (15) and (17)
can be written in matrix form yielding[

rD,1

rD,2

]T

︸ ︷︷ ︸
r

=
[

hSD hSRhRD

]︸ ︷︷ ︸
h

X +
[

nD,1

nD,2

]T

︸ ︷︷ ︸
n

X =
[ √

2KT

√
Ex1 0

0
√

γ3

√
Ex1

]
.

(18)

Protocol III: This protocol is identical to Protocol I apart
from the fact that the destination terminal chooses not to
receive the direct source-to-destination transmission during the
first time slot for reasons which are possibly imposed from the
upper-layer networking protocols. For example, the destination
terminal may be engaged in data transmission to another
terminal during the first time slot [8]. Following similar steps
as those for Protocol I, we can obtain the received signals for
this protocol. In matrix form, we have[

rD,2

rD,4

]T

︸ ︷︷ ︸
r

=
[

hSD hSRhRD

]︸ ︷︷ ︸
h

X +
[

nD,2

nD,4

]T

︸ ︷︷ ︸
n

X =
[ √

γ2

√
Ex2

√
γ2

√
Ex∗

1√
γ1

√
Ex1 −√

γ1

√
Ex∗

2

]
.

(19)

which can be simply obtained from (13).
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III. DERIVATION OF UPPER BOUNDS ON PEP

PEP is the building block for the derivation of union bounds
to the error probability. It is widely used in the literature
to predict the attainable diversity order where the closed-
form error probability expressions are unavailable. Defining
the transmitted codeword vector and the erroneously-decoded
codeword vector as X and X̂, respectively, the conditional
PEP is given as [1]

P (X → X̂ |h ) = Q

(√
d2(X,X̂)

2N0

)
≤ 1

2 exp
(
−d2(X,X̂)

4N0

) (20)

assuming maximum likelihood (ML) decoding with perfect
knowledge of the channel state information (CSI) at the
receiver side. In (20), d2(X, X̂) denotes the Euclidean distance
between X and X̂ (conditional on h) and is given by

d2(X, X̂) = h(X − X̂)(X − X̂)HhH, (21)

where X is defined by (13), (18), and (19) for the cooperation
protocols under consideration.

A. PEP for Protocol I

Replacing (13) in (21), the Euclidean distance for Protocol
I is obtained as

d2(X, X̂) = (e
2aSD

ξ (2KT + γ2) + e
2(aSR+aRD)

ξ γ1)Eχ (22)

where χ = |(x1 − x̂1)|2+|(x2 − x̂2)|2. Replacing (22) in (20)
and averaging the resulting expression with respect to aSD and
aSR, we have

P (X → X̂|aRD) ≤ 1
2

1√
2πσ2

SD

1√
2πσ2

SR

×
+∞∫
−∞

exp
(

−E(2KT +γ2)χ
4N0

e
2aSD

ξ

)
e

−(aSD+σ2
SD/ξ)2

2σ2
SD daSD

×
+∞∫
−∞

exp
(

−Eγ1χ
4N0

e
2(aSR+aRD)

ξ

)
e
− (aSR+σ2

SR/ξ)2

2σ2
SR daSR.

(23)

Substituting y = exp(aSD/ξ) and z = exp(aSR/ξ) in (23),
we obtain

P (X → X̂|aRD) ≤ 1
2

1√
2πσ2

SD/ξ2
1√

2πσ2
SR/ξ2

×
+∞∫
0

1
y exp

(
−E(2KT +γ2)χ

4N0
y2

)
e
− (ln y+σ2

SD/ξ2)2

2σ2
SD

/ξ2
dy

×
+∞∫
0

1
z exp

(
−Eγ1χ

4N0
e

2aRD
ξ z2

)
e
− (ln z+σ2

SR/ξ2)2

2σ2
SR

/ξ2
dz

= 1
2Fr

(
E(2KT +γ2)χ

4N0
; 0,

σSD

ξ

)
Fr

(
Eγ1χ
4N0

e
2aRD

ξ ; 0,
σSR

ξ

)
(24)

where Fr(α;β, σ) is the frustration function defined as [20]

Fr(α;β, σ) =
∞∫

−∞
1√

2πσ2 I0 (2βu
√

α) exp
(−αu2

)
× exp

(−(ln u + σ2)2/2σ2
)
du.

(25)

and I0(·) is the modified Bessel function of order zero. Further
averaging (24) with respect to aRD, we obtain unconditional

PEP expression as

P (X → X̂) ≤ 1
2

+∞∫
−∞

1√
2πσ2

RD

exp
(
− (aRD+σ2

RD/ξ)2

2σ2
RD

)
×Fr

(
E(2KT +γ2)χ

4N0
; 0,

σSD

ξ

)
Fr

(
Eγ1χ
4N0

e
2aRD

ξ ; 0,
σSR

ξ

)
daRD

(26)
Let u = (aRD + σ2

RD/ξ)
/√

2σ2
RD. After substituting the

variable aRD = u
√

2σ2
RD − σ2

RD/ξ in (26), we have

P (X → X̂) ≤ 1
2
√

π

∞∫
−∞

exp
(−u2

)
Fr

(
EB1χ
4N0

; 0, σSR

ξ

)
×Fr

(
E(2KT +B2)χ

4N0
; 0,

σSD

ξ

)
du

(27)

where B1 and B2 are defined as

B1 =
2GSRKT

1 + A1

exp[u
√

8σ2
RD/ξ2−2σ2

RD/ξ2]

(28)

B2 =
A2

A1 + exp[u
√

8σ2
RD/ξ2 − 2σ2

RD/ξ2]
. (29)

A closed-form solution for (27) is unfortunately not avail-
able. However, imposing some assumptions on β which re-
flects the relay location, we are able to simplify this expression
and obtain an expression in terms of frustration function. In
particular, we consider two cases where either the relay is
located very close to source, i.e., β >> 1, or very close to
destination, i.e., β << 1. Under the assumption of β >> 1,
geometrical gains are GSR >> 1 and GRD ≈ 1, hence γ1 and
γ2 can be approximated as γ1

∼= 2 (1 − KT ) (1 − KS) and
γ2

∼= 2KS (1 − KT ). Replacing (22) in (20), and averaging
the resulting expression with respect to aSD and aS = aSR +
aRD which are normally distributed with standard deviations
σSD and

√
σ2

SR + σ2
RD, we have

P (X → X̂) ≤ 1
2Fr

(
[KT +KS(1−KT )]Eχ

2N0
; 0,

σSD

ξ

)
×Fr

(
(1−KT )(1−KS)Eχ

2N0
; 0,

√
σ2

SR+σ2
RD

ξ

)
.

(30)

On the other hand, under the assumption of β << 1, GRD

is much larger than GSR
∼= 1, hence γ1 and γ2 can be

approximated as γ1
∼= 2GSRKT e−2aRD and γ2

∼= 0. For this
case, we obtain

P (X → X̂) ≤ 1
2Fr

(
KT Eχ
2N0

; 0,
σSD

ξ

)
×Fr

(
KT Eχ
2N0

; 0,
σSR

ξ

)
.

(31)

B. PEP for Protocol II

Replacing (18) in (21), the Euclidean distance for Protocol
II is given by

d2(X, X̂) = e2aSD/ξ2KT Eχ + e2aSR/ξe2aRD/ξEγ1χ (32)

where χ = |x1 − x̂1|2. Replacing (32) in (20) and averaging
the resulting expression with respect to aSD, aRD, and aSR,
we obtain the PEP expression as

P (X → X̂) ≤ 1
2
√

π
Fr

(
KT Eχ
2N0

; 0,
σSD

ξ

)
×

∞∫
−∞

exp
(−u2

)
Fr

(
EB1χ
4N0

; 0,
σSR

ξ

)
du

(33)
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where B1 has been previously defined by (28). Similar to (27),
a closed-form solution for (33) is not available. However, for
β >> 1 and β << 1, we can obtain simplified expressions
such as

P (X → X̂) ≤ 1
2Fr

(
KT Eχ
2N0

; 0,
σSD

ξ

)
×Fr

(
(1−KT )Eχ

2N0
; 0,

σ2
SR+σ2

RD

ξ

) (34)

P (X → X̂) ≤ 1
2Fr

(
KT Eχ
2N0

; 0,
σSD

ξ

)
×Fr

(
KT Eχ
2N0

; 0,
σSR

ξ

)
.

(35)

C. PEP for Protocol III

Replacing (19) in (21), the Euclidean distance for Protocol
III is given by

d2(X, X̂) = e2aSD/ξEγ2χ + e2aSR/ξe2aRD/ξEγ1χ. (36)

Replacing (36) in (20) and averaging the resulting expression
with respect to aSD, aSR, and aRD, the PEP expression is
upper-bounded as

P (X → X̂) ≤ 1
2
√

π

∞∫
−∞

exp
(−u2

)
Fr

(
EB2χ
4N0

; 0,
σSD

ξ

)
×Fr

(
EB1χ
4N0

; 0,
σSR

ξ

)
du

(37)

where B1 and B2 have been earlier defined by (28) and (29).
For β >> 1 and β << 1, we obtain

P (X → X̂) ≤ 1
2Fr

(
KS(1−KT )Eχ

2N0
; 0,

σSD

ξ

)
×Fr

(
(1−KS)(1−KT )Eχ

2N0
; 0,

σ2
SR+σ2

RD

ξ

)
,

(38)

P (X → X̂) ≤ 1
2

Fr

(
KT Eχ

2N0
; 0,

σSR

ξ

)
. (39)

IV. PERFORMANCE OPTIMIZATION THROUGH POWER

ALLOCATION

It has been demonstrated in recent papers [21]–[26] that
the performance of cooperative communication schemes can
be significantly improved by properly allocating the overall
power among cooperating nodes rather than the equal power
allocation. In this section, we investigate the optimal power
allocation for log-normal fading relay channels aiming to
minimize the BER performance. A union bound on the BER
performance is given by [27]

Pb ≤ 1
n

∑
X

p(X)
∑
X�=X̂

q(X → X̂)P (X → X̂) (40)

where p(X) is the probability that codeword X is transmitted,
q(X → X̂) is the number of information bit errors in choosing
another codeword X̂ instead of the original one, n is the
number of information bits per transmission, and P (X → X̂)
is the PEP. Replacing the derived PEP expressions in (40),
the objective functions for the protocols under consideration
are obtained. The specific form of BER expressions depends
on the modulation scheme and underlying code. For example,
if BPSK is used as the modulation scheme, upper bounds on

BER for distributed Alamouti’s scheme can be calculated for
Protocols I, II, and III, respectively, as

ΓI(KT ,KS) = ΨI(2) + ΨI(4), (41)

ΓII(KT ,KS) = ΨII(4), (42)

ΓIII(KT ,KS) = ΨIII(2) + ΨIII(4), (43)

where Ψi(χ) is the PEP expression for ith cooperative protocol
which are given by the (27), (33), and (37). Ψi(χ) is obviously
dependent on KT and KS . If QPSK is used, the upper bounds
on BER are given as

ΓI(KT ,KS) = ΨI(2) + 3ΨI(4) + 3ΨI(6) + ΨI(8), (44)

ΓII(KT ,KS) = ΨII(2) + ΨII(4), (45)

ΓIII(KT ,KS) = ΨIII(2) + 3ΨIII(4) + 3ΨIII(6) + ΨIII(8).
(46)

Similar bounds can be found in a straightforward manner
for higher-order PSK schemes. We need to minimize the
resulting objective functions Γi with respect to the power
allocation parameters KT and KS subject to the constraints
0 ≤ KT ,KS ≤ 1. Hence the optimization problem can be
expressed as

Minimize Γi (KT ,KS)
subject to 0 ≤ KT ,KS ≤ 1.

(47)

Since no closed-form solution is available, we resort to
numerical methods to solve this optimization problem. In
particular, we use “fmincon” command available in MATLAB
optimization toolbox [28]. This command is designed to find
the minimum of constrained nonlinear multivariable function.
It implements a sequential quadratic programming (SQP)
algorithm. At each iteration of the algorithm, an approximation
of the Hessian of the Lagrangian function is calculated using a
quasi-Newton updating method. This is then used to generate
a quadratic programming sub-problem whose solution is used
to form a search direction for a line search procedure. We
also note that the solution of this optimization problem is a
global minimum because the objective function is convex with
respect to the optimization variables of KT and KS . This can
be readily verified for scenarios with β << 1 (see Appendix
I). For the other relay locations, the problem becomes more
complicated and it is very difficult, if not impossible, to
present an analytical verification for convexity of the objective
functions under consideration. We have, however, numerically
verified the convexity in these cases for all considered SNR
values. In Table I, we present optimized values of KT and KS

for Protocols I, II, III assuming QPSK, θ = π, σa = 4, and
path loss ratios of β = −40 dB, 0 dB, 40 dB. For β = −40 dB
(i.e., relay is very close to the destination), we observe that KT

and KS converge to 1 and 0, respectively. Convergence of KT

to one can be also easily verified through PEP expressions of
(31), (35), (39) noting that frustration function is a decreasing
continuous function with respect to its first argument. These
particular optimum values of KT and KS indicate that it is
better to spend most of the overall power in broadcasting phase
and rest of the power should be dedicated to the relay terminal
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TABLE I

OPTIMUM POWER ALLOCATION PARAMETERS FOR PROTOCOLS I, II, III.

(a) Protocol I

SNR
GSR/GRD

- 40 dB 0 dB 40 dB
[dB] KT KS KT KS KT KS

0 0.9872 0 0.6851 0 0.4639 0.4643
5 0.9886 0 0.6656 0 0.4955 0.4175

10 0.9890 0 0.6534 0 0.4540 0.4539
15 0.9884 0 0.6590 0 0.4436 0.4428
20 0.9890 0 0.6572 0 0.4204 0.4204
25 0.9880 0 0.6560 0 0.4998 0.4998

(b) Protocol II

SNR
GSR/GRD

- 40 dB 0 dB 40 dB
[dB] KT KT KT

0 0.9873 0.6873 0.7171
5 0.9887 0.6682 0.7087
10 0.9891 0.6550 0.7010
15 0.9891 0.6439 0.6945
20 0.9890 0.6284 0.6879
25 0.9890 0.5130 0.5280

(c) Protocol III

SNR
GSR/GRD

- 40 dB 0 dB 40 dB
[dB] KT KS KT KS KT KS

0 0.9818 0 0 1 0 1
5 0.9838 0 0 1 0.0051 0.7070

10 0.9845 0 0.2672 0.7700 0.0041 0.7012
15 0.9846 0 0.2509 0.7660 0.0036 0.6779
20 0.9840 0 0.2966 0.5620 0.0019 0.6801
25 0.9767 0.9280 0.2280 0.6603 0.0020 0.6899

in relaying phase. In effect, optimized version of Protocol I
reduces to Protocol II and optimized version of Protocol III
reduces to a non-cooperative double-hop transmission system.
Under the assumption of β = 0dB (i.e., the relay is located at
the midpoint of the line connecting the source and destination
terminals), the optimal values of KS for Protocol I are still
equal to 0 while KT values indicate that roughly about 2/3
of the power should be spent in the broadcasting phase for
Protocols I and II. In Protocol III, optimal KT tends to 0
and 1/4 for low and high SNR values, respectively. Under
the assumption of β = 40dB (i.e., relay is very close to the
source), both KT and KS tend to 0.5 for Protocol I indicating
equal power allocation is nearly optimal. For Protocol II, KT

reduces from about 2/3 to 1/2 in the higher SNR region. For
Protocol III, KT and KS tend to about 2/3 and 0, respectively.

To have insights into performance improvements through
power allocation, we have calculated power efficiency gains
achieved by optimum power allocation (OPA) for a target BER
of 10−3 considering the range of β = [−60 dB, 60 dB] and
illustrated them in Fig. 1 along with equal power allocation
(EPA). For Protocol I, Fig. 1.a indicates performance gains of
2.93 dB, 0.20 dB and 0.07 dB for β = −40 dB, β = 0dB, and
β = 40dB, respectively. For Protocol II, similar performance
improvements are observed up to 3 dB in the negative region
of β. It is also observed that for both Protocols I and II, OPA
and EPA performance curves converge in the region of positive
β values. This indicates that OPA is more rewarding for these
two protocols in scenarios where relay is close to destination.
The characteristics are rather different for Protocol III which
benefits from OPA for both positive and negative β values.
Particularly, Fig. 1.c indicates performance gains of 2.85 dB,
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Fig. 1. Power efficiency gains for a target BER of 10−3 over log-normal
fading channels.

0.93 dB, and 3.23 dB for β = −40 dB, β = 0dB, and β =
40dB, respectively.

V. DIVERSITY GAIN ANALYSIS FOR LOG-NORMAL

CHANNELS

Diversity order is conventionally defined as the negative
asymptotic slope of error probability versus SNR = E/N0

on a log-log scale which can be expressed as

d = − lim
SNR→∞

log Pb

log SNR
. (48)

The diversity order for finite SNR values can be further
defined as [29]

df (SNR) = − ∂ log Pb

∂ log SNR
. (49)

In log-normal fading channels, the decreasing rate of error
probability does not converge to a finite value (see Appendix
II) realizing effectively infinite diversity order based on the
conventional definition in (48). Since conventional definition
will be of no use for the channel model under consideration,
we introduce the so-called relative diversity order (RDO) as

RDO(SNR) =
df (SNR)

df,BM (SNR)
=

∂ log Pb

∂ log SNR

∂ log Pb,BM

∂ log SNR

(50)

where we normalize the diversity gain defined as in (49) with
respect to a benchmark scheme (i.e., df,BM ). We further define
the asymptotical relative diversity order (ARDO)2 as

ARDO = lim
SNR→∞

RDO(SNR). (51)

Assuming direct transmission as benchmark scheme and
BPSK as modulation scheme, a bound on the BER of the
benchmark scheme can be found as

Pb,Direct ≤
∞∫

−∞
1
2e−h2SNR ξ√

2πσSDh
e
− (20 log10 h−mSD)2

2σ2
SD dh

= 1
2Fr

(
SNR; 0, σSD

ξ

)
.

(52)

2Considering direct transmission as the benchmark scheme, it can be readily
shown that ARDO and conventional diversity order coincide for Rayleigh
fading channels.
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Fig. 2. Relative diversity order (RDO) of cooperative protocols with equal
power allocation.

For maximal ratio combining (MRC) with two receive anten-
nas and Alamouti scheme with two transmit antennas, BER
can be upper bounded respectively as

Pb,MRC ≤
[

Fr

(
SNR; 0,

σSD

ξ

)]2

, (53)

Pb,Alamouti ≤
[

Fr

(
SNR; 0,

σSD

ξ

)]2

. (54)

It can be observed from (53) and (54) that there is a
3 dB difference in performance between Alamouti scheme
and MRC over log-normal fading channels. This is similar
to observations on the performance of these schemes over
Rayleigh fading channels. These two schemes also provide
the same ARDO over log-normal fading channels. Replacing
(52) and (53) into (51), it can be readily found that MRC
yields ARDO of 2 over log-normal fading channels. ARDO
of Alamouti scheme can be obtained numerically and is also
equal to 2.

Figs. 2 and 3 illustrate the RDOs of Protocols I, II
and III for β << 1 and β >> 1 with EPA and OPA,
respectively. Conventional MRC and Alamouti schemes with
co-located antennas are included for comparison purposes.
To make a fair comparison, we consider BPSK and QPSK
modulations, respectively, for cooperative and conventional
schemes which provide rates of 1/2 and 1. From Fig. 2, it is
observed that Protocols I and II with EPA behave very similar
to conventional Alamouti scheme and both converge to an
ARDO of 2 at very high SNR for β << 1 (i.e., relay is close
to destination). The observation on similar performance can be
further confirmed through PEP expressions; (31) demonstrates
that the PEP expression for Protocol I becomes independent
of KS for this particular relay location and becomes identical
to (35) given for Protocol II.

From Fig. 3, it is observed that Protocols I and II with OPA
are able to achieve an ARDO of 2 similar to MRC. Note that
the optimum value of KT is 1 for β << 1 which effectively
reduces the PEP expressions derived for Protocols I and II
(c.f., (31) and (35)) into a similar form of (53) derived for
MRC scheme.

From Figs. 2 and 3, it is further observed that Protocol
III for β << 1 achieves an ARDO of 1 (which can be
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Fig. 3. Relative diversity order (RDO) of cooperative protocols with optimum
power allocation.

readily verified from related PEP expression) under both EPA
and OPA assumptions and is outperformed by the two other
protocols for both cases. For β >> 1, Protocols I, II, and III
achieve the same ARDO (∼ 1.5) under both EPA and OPA
rules. Although it is observed that all three protocols have the
same RDO for the whole SNR range under OPA, Protocols
I and II outperform Protocol III in lower SNR values under
EPA.

VI. SIMULATION RESULTS

To further confirm the performance gains of OPA promised
by the PEP expressions and associated ARDO values, we
have conducted a Monte Carlo simulation study to compare
the BER performance of the considered protocols with EPA
and OPA. We consider QPSK, θ = π, σa = 4, and path
loss ratios of β = −40 dB, −10 dB, 0 dB, 10 dB, 40 dB in
our simulations.

In Fig. 4, we consider Protocol I where we observe
performance improvements of 2.81 dB, 1.13 dB, 0.33 dB,
0.07 dB and 0.04 dB at a target BER of 10−3 for β =
−40 dB, −10 dB, 0 dB, 10 dB, 40 dB respectively. These re-
sults are very similar to performance gains predicted by the
PEP expression of Protocol I (c.f., Fig. 1). Similar confirma-
tion holds for the other two protocols and those simulation
results are not included here due to space limitations.

Figs. 5-7 present performance comparisons of Protocols I,
II, and III under EPA and OPA for β = −40 dB, β = 0dB,
and β = 40dB, respectively. The performances of direct
transmission (i.e., no relaying), Alamouti code, and MRC
with two receive co-located antennas are further included to
demonstrate how close the virtual antenna implementations
can perform to their co-located counterparts.

In Fig. 5 illustrated for β = −40 dB, we observe that
Protocols I and II provide nearly identical performance (very
close to the performance of Alamouti scheme) under EPA and
outperform Protocol III which performs even worse than the
direct transmission scheme. Recall from Fig. 2 that RDO
of Protocol III is less than 1 for indicating its inferiority
to the direct transmission for this particular relay location.
This inefficiency of Protocol III results from lack of source-
to-destination transmission link in the first time slot; an
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Fig. 4. Simulated BER performance of Protocol I for different values of β.
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Fig. 5. Performance comparison of Protocols I, II, and III for β = −40 dB.

inherent disadvantage of Protocol III [8]. OPA improves the
performance of the three protocols by ∼ 3 dB. Protocols I and
II with OPA present the same performance as MRC scheme
and Protocol III is only able to achieve the performance of
direct transmission. These observations confirm our earlier
results on RDO presented in Fig. 3 where we see identical
RDO curves for Protocols I and II converging to that of MRC
scheme while RDO curve for Protocol III converges to that
of direct transmission.

From Fig. 6, we observe that the performance improvement
of Protocols I and II through OPA is negligible for β = 40dB
(c.f., Figs. 1.a and 1.b). On the other hand, the performance
of Protocol III is improved significantly and it operates at 1.3
dB away from the benchmark Alamouti scheme at BER=10−3

yielding identical performance with Protocols I and II for this
particular relay location. This can be also confirmed from Fig.
3 where all corresponding RDO curves coincide.

Fig. 7 illustrates that Protocols I and II perform nearly
identical and are close to the performance of Alamouti scheme
for β = 0dB under both EPA and OPA. Similar to the case
of β = 40dB, the performance improvement under OPA
is not significant for these two protocols. Protocol III under
EPA outperforms direct transmission for higher SNR values
(SNR> 13 dB). OPA further improves the performance of
Protocol III about 1 dB at BER=10−3.
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Fig. 6. Performance comparison of Protocols I, II, and III for β = 40 dB.
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Fig. 7. Performance comparison of Protocols I, II, and III for β = 0 dB.

VII. CONCLUSIONS

In this paper, we have investigated the performance of co-
operative diversity schemes over log-normal fading channels.
Under Nabar et al.’s framework for single-relay networks [8],
we have considered Protocols I, II, and III and derived upper
bounds on PEP expressions for each of these protocols with
amplify-and-forward relaying. We have further defined so-
called relative diversity order and quantified diversity advan-
tages for log-normal channels where conventional definition
of diversity order can not be used. Based on a union bound
on BER, we have further proposed OPA rules for performance
improvement. Performance gains up to 3 dB at a target BER
of 10−3 have been observed depending on the relay geometry
and deployed protocol. It has been observed that optimized
versions of Protocols I and II with single relay are able to
provide similar performance to MRC with two co-located
antennas for certain relay locations.

APPENDIX I
CONVEXITY OF THE OBJECTIVE FUNCTIONS FOR β << 1

The upper bound on PEP for Protocol III under the as-
sumption of β << 1 is given by (39). This expression is in
the form of a single frustration function and is a function of
only the optimization parameter KT . Substituting u = ey in
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(25), frustration function can be alternatively expressed in the
following form

Fr(x; 0, σ) =

+∞∫
−∞

1√
2πσ2

exp
(−xe2y

)
e

−(y+σ2)2

2σ2 dy. (55)

The first derivative of frustration function can be obtained as

dFr(x; 0, σ)
dx

=

+∞∫
−∞

− exp
(
−xe2y+4σ2

)
√

2πσ2
e

−(y+σ2)2

2σ2 dy (56)

which is simply equal to

dFr(x; 0, σ)
dx

= −Fr(e4σ2
x; 0, σ). (57)

Using the chain rule, we can therefore conclude that

dFr(f(KT ); 0, σ)
dKT

= −f ′(KT )Fr(e4σ2
f(KT ); 0, σ). (58)

Noting f ′′(KT ) = 0, we obtain

d2Fr(f(KT ); 0, σ)
dK2

T

= e4σ2
(f ′(KT ))2 Fr(e8σ2

f(KT ); 0, σ).

(59)
Therefore, the second derivative of the PEP expression of
Protocol III is positive which leads to the convexity of PEP
expression and accordingly to the convexity of the objective
function ΓIII given by (46) under the considered assumption
of β << 1.

The simplified PEP expressions under the assumption of
β << 1 for Protocols I and II are given by (31) and (35).
These are in the form of product of two frustration functions
(i.e., G = Fr(f1(KT ); 0, σ)Fr(f2(KT ); 0, σ′)) and are again a
function of only the optimization parameter KT . Their second
derivatives are obtained as

d2G
dK2

T
= Fr′′(f1; 0, σ)Fr(f2; 0, σ′) + Fr(f1; 0, σ)Fr′′(f2; 0, σ′)

+2Fr′(f1)Fr′(f2; 0, σ′).
(60)

The first and second terms in the right hand side of (60) are
positive for all KT noting that frustration function and its
second derivative are positive as the latter is shown by (59).
The third term is also positive since f ′

1(KT ) and f ′
1(KT ) are

of the same sign for Protocols I and II assuming β << 1.
Therefore we conclude that the second derivative of PEP
expressions given by (31) and (35) are positive. Since the
objective functions ΓI and ΓII given by (44) and (45) are
sum of PEP expressions, their second derivatives are also
positive indicating their convexity under the assumed scenario
of β << 1.

APPENDIX II
INFINITE DIVERSITY ORDER FOR LOG-NORMAL FADING

CHANNELS

Lemma: Let Y be a log-normal random variable with pa-
rameters (−σ2, σ) and cumulative distribution function F (y).
Let y0 and s be positive real numbers, Then the frustration
function Fr(s; 0, σ) can be bounded as

Fr(s; 0, σ) <
1

F (y0)

y0∫
0

e−sy2
dF (y). (61)

Proof of lemma: Noting that exp(−sy2) is always less than
1 and is a decreasing function, we can write the following
inequalities

y0∫
0

e−sy2
dF (y) > e−sy2

0

y0∫
0

dF (y) = e−sy2
0F (y0), (62)

∞∫
y0

e−sy2
dF (y) < e−sy2

0

∞∫
y0

dF (y) = e−sy2
0 [1 − F (y0)] . (63)

Using (62) and (63), we have
∞∫

y0

e−sy2
dF (y) <

[1 − F (y0)]
F (y0)

y0∫
0

e−sy2
dF (y) (64)

which can be simplified as
∞∫
0

e−sy2
dF (y) <

1
F (y0)

y0∫
0

e−sy2
dF (y). (65)

Note that frustration function can be also represented as

Fr(s; 0, σ) =
∞∫
0

exp(−sy2)
y
√

2πσ2 e
−(ln y+σ2)2

2σ2 dy

=
∞∫
0

e−sy2
dF (y).

(66)

Inserting (66) into (65), the proof of lemma is completed.
Theorem: The error rate performance of direct transmission

in log-normal fading channel has the diversity order of infinity
(d = ∞).

Proof: Consider (52) and replace σSD/ξ with σ and SNR
with s for notational convenience. Then using (66), the error
rate performance of direct transmission is bounded by

Pb ≤ 1
2
Fr(s; 0, σ) =

1
2

∞∫
0

e−sx2
dF (x) (67)

where F (x) is the cumulative distribution function of log-
normal random variable X with parameters (−σ2, σ). Using
the lemma, (67) can be bounded by

Pb ≤ 1
2
Fr(s; 0, σ) <

1
2F (y0)

y0∫
0

e−sx2

x
√

2πσ2
e

−(ln x+σ2)2

2σ2 dx.

(68)
Substituting y = sx2 in the integral, we obtain

Pb <
1

2F (y0)

y0∫
0

e−y

y
√

8πσ2
e

−(ln y−ln s+2σ2)2

8σ2 dy (69)

which can be further simplified as

Pb <
eln s(4σ2−ln s)

2F (y0)

y0∫
0

e−ye2 ln s ln y

y
√

8πσ2
e

−(ln y+2σ2)2

8σ2 dy. (70)

Since exp(2 ln s ln y0) ≥ exp(2 ln s ln y), ∀y ∈ [0, y0], we
can further simplify (70) as

Pb < exp(ln s(2 ln y0+4σ2−ln s))
2F (y0)

y0∫
0

e−y

y
√

8πσ2 e
−(ln y+2σ2)2

8σ2 dy

< exp(ln s(2 ln y0+4σ2−ln s))
2F (y0)

.

(71)
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The second inequality in (71) holds since the integral is
bounded by the expectation of exp(−y) with respect to a log-
normal random variable and this expectation is less than one,
noting exp(−y) < 1, ∀y > 0. From (71), we can readily
obtain

− log Pb

log s
= − lnPb

ln s
> ln s−2 ln y0−4σ2 +

ln 2F (y0)
ln s

. (72)

Taking limit of both sides of the inequality in (72) as s → ∞,
we have

d = lim
s→∞− log Pb

log s

≥ lim sup
s→∞

[
ln s − 2 ln y0 − 4σ2 + ln 2F (y0)

ln s

]
= ∞.

(73)

Thus the proof is completed.
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