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Blow-up solutions for the generalized Davey–Stewartson system are studied numerically by using a splitstep Fourier method. The numerical method has spectral-order accuracy in space and first-order accuracy
in time. To evaluate the ability of the split-step Fourier method to detect blow-up, numerical simulations
are conducted for several test problems, and the numerical results are compared with the analytical results
available in the literature. Good agreement between the numerical and analytical results is observed.
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1.

Introduction

In this study, we present numerical simulations of blow-up solutions of the generalized Davey–
Stewartson (GDS) system given by
iut + σ uxx + uyy = κ|u|2 u + γ (φx + ψy )u

(1)

φxx + m2 φyy + nψxy = (|u|2 )x

(2)

λψxx + m1 ψyy + nφxy = (|u| )y

(3)

2

where u and φ, ψ are, respectively, the complex- and the real-valued functions of spatial coordinates x, y and the time t. The parameters σ, κ, γ , m1 , m2 , λ, n are real constants and σ is
normalized as |σ | = 1. The parametric relation
(λ − 1)(m2 − m1 ) = n2

(4)

follows from the structure of the physical constants and plays a key role in the analysis of Equations (1)–(3). The GDS system has been derived to model 2 + 1 dimensional wave propagation
in a bulk medium composed of an elastic material with couple stresses [1]. When the parametric
*Corresponding author. Email: gulcin@itu.edu.tr
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relation n = 1 − λ = m1 − m2 is satisfied, the GDS system reduces to the Davey–Stewartson
(DS) system which consist of a coupled pair of equations
iut + σ uxx + uyy = κ|u|2 u + γ uφx

Downloaded By: [TÜBTAK EKUAL] At: 06:59 28 February 2011

φxx + mφyy = (|u|2 )x .
The DS system describes the evolution of water surface waves in the presence of gravity and capillarity [5]. The GDS system is classified according to the signs of parameters (σ, m1 , m2 , λ) [2]. In
the present study, we consider (–, +, +, +) hyperbolic–elliptic–elliptic (HEE) and (+, +, +, +)
elliptic–elliptic–elliptic (EEE) cases. For these two cases, it has been proved in [2,6,7] that,
at certain parameter values, initial data with negative energy can lead to singularity formation
resulting in finite time blow-up of solutions of the GDS system. Note that the boundary conditions on the functions φ and ψ depend on the signs of m1 , m2 and λ or, equivalently, on the
types of the second and third equations of the GDS system (Equations (2) and (3)). For the
HEE and EEE cases, Equations (2) and (3) are both elliptic type and φ and ψ are supposed
to vanish at infinity. For all the other cases of the classification, either one or both of Equations (2) and (3) will always be hyperbolic type and φ and/or ψ will satisfy radiation conditions
at infinity (which implies that the boundary conditions should be imposed along the characteristic
lines). In this respect, the HEE and EEE cases are significantly simpler than the remaining cases
of the GDS system. The literature on the DS system shows that there are no complete results
about global existence and non-existence of solutions even for the elliptic-hyperbolic case of the
DS system.
The purpose of this study is to develop a split-step Fourier method for the GDS system to detect
the blow-up phenomena and estimate blow-up time. The essential ideas behind split-step Fourier
methods are to decompose the initial and boundary value problem into subproblems which are
simpler than the original problem and to expand the dependent variables in Fourier series. For
a comprehensive list of general references on split-step Fourier methods, we refer to the review
paper [9]. In the case of smooth solutions, split-step Fourier methods have previously been used
to solve various equations of nonlinear dispersive wave propagation (see, e.g. [4,11–14] and
the references therein). In the case of singularity formation (blow-up), this class of numerical
methods seems to have attracted little attention for nonlinear dispersive equations, in general.
For the DS system, to the best of the authors’ knowledge, only two studies have been published
on the numerical demonstration of blow-up via split-step Fourier methods [3,8]. The analyses
used in these studies are based on the splitting scheme proposed in [14]. The convergence of the
split-step Fourier method used for DS system has been demonstrated in [3]. The split-step method
of the present study is based on an extension of the numerical scheme introduced in [14] for
the DS system to the GDS system. We first split the initial and boundary value problem defined
for the GDS system into linear and nonlinear subproblems that take into account dispersive
effects and nonlinear effects, respectively. Next, the subproblems are solved using a Fourier
pseudospectral approach, wherein all the nonlinear terms are evaluated in real space. We then
approximate the solution of the original problem with a first-order accurate splitting. The novel
aspect of the present method proposed for the GDS system lies in the fact that each subproblem
is explicitly integrable. This fact makes the present algorithm extremely efficient, stable and
fast. Finally, for both the HEE and EEE cases, we present numerical results for several test
problems that have known analytical results. We observe that in both cases, our numerical results
are in good agreement with the analytical ones. This good agreement indicates that the present
numerical method accurately captures finite time blow-up, with a quantitative estimate of the
blow-up time.
The paper is organized as follows. In the rest of Section 1, the most relevant properties of
the GDS system are summarized. In Section 2, it is shown how the split-step method can be

International Journal of Computer Mathematics

807

reformulated for the GDS system. In Section 3, the split-step method is tested for various blow-up
problems of the GDS system. In Section 4, some conclusions are contained.
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1.1

Conserved quantities for the GDS system

We now briefly mention some of the relevant properties of the GDS system. Assume that u, φ, ψ
and all their derivatives converge to zero sufficiently rapidly at large spatial distances. Solutions
of the GDS system subjected to these boundary conditions satisfy some conservation laws which
imply that the conserved quantities

N =
|u|2 dx dy
R2

Px =
i(u∗ ux − uu∗x ) dx dy
R2

Py =
i(u∗ uy − uu∗y ) dx dy
R2

κ
γ
H=
{σ |ux |2 + |uy |2 + |u|4 + [(φx )2 + m2 (φy )2
2
2
R2
+ λ(ψx )2 + m1 (ψy )2 + n(φy ψx + φx ψy )]} dx dy,

(5)

corresponding to mass, momentum in the x and y directions and energy, respectively, remain
constant in time.
1.2

Blow-up in the HEE case

The analytical results reported in the literature for blow-up of solutions in the HEE case can
be summarized as follows. Using the pseudo-conformal invariance of the solutions, an explicit
blow-up profile


1
y2 − x2
μ
u(x, y, t) =
exp ib
(a + bt)
4(a + bt) 1 + Aμ2 (x  2 + y  2 )
φ(x, y, t) =

1
μ2 x 
(a + bt) 2[1 + Aμ2 (x  2 + y  2 )]

ψ(x, y, t) =

1
μ2 y 
(a + bt) 2m1 [1 + Aμ2 (x  2 + y  2 )]

(6)

was obtained in [6] for the HEE case under the following conditions on the physical parameters


1
n
γ
.
(7)
1+
, κ=−
σ = −1, λ = m1 (1 − n), m2 = 1 −
m1
2
m1
In Equation (6), μ is an arbitrary real constant, A = γ (1 − (1/m1 ))/16 and the transformed
coordinates (x  , y  , t  ) are given by
x =

x
,
(a + bt)

y =

y
,
(a + bt)

where a, b, c, d are real numbers satisfying ad − bc = 1.

t =

c + dt
,
a + bt
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Blow-up in the EEE case

For the EEE case, the conditions needed for the global existence or global non-existence of the
solutions have been discussed in [2,7]. The main results of [2] are as follows:
(A) The solutions of the GDS system will exist globally provided that κ ≥ max{−γ max(1, 1/
m1 ), 0} and m1 > 0;
(B) The solutions of the GDS system cannot exist globally when κ < min(−γ /m1 , 0) and
m1 > 1.
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It is to be noted that there remains a gap between the global existence and global nonexistence
intervals of κ, where neither a global existence nor a blow-up result is established. Motivated by
some estimates of [10] where numerical simulations of the GDS system have been conducted,
the above results have been improved in [7]. The improved results of [7] are as follows:
(A) (Theorem 3 of [7]) Suppose that λ > 1, m2 > m1 > 0, n > 0 and let
δ1 ≡

1 + m1 − 2n
.
λm1 + m2

If, in addition to hypothesis in Theorem 3 of [7],


1
,1
(i) γ > 0 and κ ≥ −γ min δ1 ,
m1

(8)


1
,1 ,
m1

(9)

or


(ii) γ < 0 and κ ≥ −γ max

then the solutions of the GDS system are global.
(B) (Lemma 2 of [7]) Suppose that λ > 1, m2 > m1 > 0, n > 0 and let
δ2 ≡

√
√
m1 (1 + m1 − 2n) + λm2 (1 + m1 )
.
√
√
√
√
(m1 λ + m1 m2 )( m2 + λm1 )

If, in addition to hypothesis in Lemma 2 of [7],


1
,1
(i) γ > 0 and κ < −γ min δ2 ,
m1
or




1
,1 ,
γ < 0 and κ < −γ max
m1

(10)



(ii)

(11)

then the solutions with negative initial energy blow-up in finite time.
It is important to emphasize that the improved results given above remove the gap for negative
values of the coupling parameter (i.e. for γ < 0) and narrow the gap for positive values of the
coupling parameter (i.e. for γ > 0).
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Split-step Fourier method for the GDS system

In this section, we present the split-step Fourier method for the GDS system. The use of Fourier
series dictates periodic boundary conditions in u and φ, ψ. Application of the numerical method
requires truncation of the infinite xy-plane to a finite rectangular region [a, b] × [c, d]. To
simplify the presentation of the Fourier method, the rectangular region [a, b] × [c, d] is normalized to square region [0, 2π] × [0, 2π] using the transformations X = 2π(x − a)/(b − a)
and Y = 2π(x − c)/(d − c) in which the GDS system becomes
iut + σ̄ uXX + ᾱuY Y = κ|u|2 u + (γ̄1 φX + γ̄2 ψY )u
β̄φXX + m̄2 φY Y + n̄ψXY = ν̄1 (|u|2 )X
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λ̄ψXX + m̄1 ψY Y + n̄φXY = ν̄2 (|u|2 )Y
where

σ̄ =

β̄ =

λ̄ =

2π
b−a
2π
b−a
2π
b−a

2


σ,

ᾱ =

,

m̄2 =

2

λ,

2


,

γ̄1 =

2π
b−a




γ,

γ̄2 =


2π
γ
d −c


2π 2
(2π )2
n
m2 , n̄ =
d −c
(b − a)(d − c)


2π 2
2π
2π
m̄1 =
, ν̄2 =
.
m1 , ν̄1 =
d −c
b−a
d −c


2

2π
d −c

The interval [0, 2π] in the X direction is divided into NX equal subintervals, with grid spacing
X = 2π/NX and the interval [0, 2π] in the Y direction is divided into NY equal subintervals, with
grid spacing Y = 2π/NY . We assume NX and NY are even, positive integers. The spatial grid
points are (Xj , Yk ) = (j X, k Y ) with j = 0, 1, 2, . . . , NX and k = 0, 1, 2, . . . , NY . The time
interval [0, T ] is divided into M equal subintervals with grid spacing t = T /M. The temporal
grid points are given by tm = m t, m = 0, 1, 2, . . . , M. The approximate values of u(Xj , Yk , tm ),
m
m
, m
φ(Xj , Yk , tm ) and ψ(Xj , Yk , tm ) are denoted by Uj,k
j,k and j,k , respectively. For the twodimensional discrete Fourier transform of a function v(X, Y, t) with Vj,k (t) ≈ v(Xj , Yk , t) (j =
0, 1, 2, . . . , NX and k = 0, 1, 2, . . . , NY ), the Fourier coefficients are given by
V̂p,q = Fp,q [Vj,k ] =
−

1
NX NY

NX −1 NY −1

Vj,k exp[−i(pXj + qYk )],
j =0

NX
NX
≤p≤
− 1,
2
2

k=0

−

NY
NY
≤q≤
−1
2
2

where p and q are the corresponding wavenumbers. The inverse discrete Fourier transform is
defined as
(NX /2)−1 (NY /2)−1
−1
[V̂p,q ] =
Vj,k = Fj,k

V̂p,q exp[i(pXj + qYk )],
p=−NX /2 q=−NY /2

j = 0, 1, 2, . . . , NX − 1,

k = 0, 1, 2, . . . , NY − 1.

The two-dimensional discrete Fourier transform F and its inverse F −1 are always computed via
a fast Fourier transform (FFT) algorithm.

810

G.M. Muslu and H.A. Erbay

The initial value problem for the GDS system is decomposed into linear and nonlinear
subproblems which involve the linear partial differential equation
L : iut + σ̄ uXX + ᾱuY Y = 0

(12)

and the set of nonlinear coupled partial differential equations
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N :

β̄φXX + m̄2 φY Y + n̄ψXY − ν̄1 (|u|2 )X = 0

(13)

λ̄ψXX + m̄1 ψY Y + n̄φXY − ν̄2 (|u|2 )Y = 0

(14)

iut − κ|u|2 u − (γ̄1 φX + γ̄2 ψY )u = 0

(15)

respectively. The main idea in the split-step method is to approximate the exact solution of the
GDS system by solving the linear and nonlinear subproblems in a given sequential order, in which
the solution of one subproblem is employed as an initial condition for the next subproblem. We
shall use the first-order split-step method in which the linear and the nonlinear steps are taken
successively.
In the spectral domain, the linear equation (12) can be rewritten as
i

dÛp,q
− (σ̄ p 2 + ᾱq 2 )Ûp,q = 0;
dt

that is, spatial differentiations in physical space are converted to multiplications in spectral space.
This is a linear, ordinary differential equation for the Fourier coefficient Ûp,q and it can be solved
exactly. Therefore, for the linear subproblem, the advancements in time are performed according to
m+1
−1
m
Uj,k
= Fj,k
{exp[−i(σ̄ p 2 + ᾱq 2 ) t]Fp,q [Uj,k
]}.

(16)

The numerical solution of the linear subproblem requires only two FFT operations.
We now focus on the nonlinear subproblem. We first note that all the nonlinear terms appearing
in the nonlinear subproblem are evaluated using a pseudo-spectral approximation. Solving the
set of nonlinear coupled partial differential equations given by Equations (13)–(15) involves four
steps. The first step is to rewrite Equations (13) and (14) in the spectral domain for a typical time
level tm :
ˆm
ˆm
ˆm
−(β̄p 2 + m̄2 q 2 )
p,q − n̄pq p,q = i ν̄1 p p,q

(17)

2
2 ˆm
ˆm
ˆm
−n̄pq 
p,q − (λ̄p + m̄1 q )p,q = i ν̄2 q p,q

(18)

where the Fourier representation
ˆm

p,q =

1
N X NY
−

NX −1 NY −1
m 2
|Uj,k
| exp[−i(pXj + qYk )],
j =0

k=0

NX
NX
≤p≤
− 1,
2
2

−

NY
NY
≤q≤
−1
2
2

is used. The second step is to solve the system of two simultaneous linear equation, Equations (17)
ˆm
ˆm
and (18), for the Fourier coefficients 
p,q and p,q :
ˆm

p,q =
m
ˆ p,q

=

ˆm
i[(ν̄2 n̄ − ν̄1 m̄1 )q 2 p − λ̄ν̄1 p 3 ]
p,q

(19)

[(λ̄p 2 + m̄1 q 2 )(β̄p 2 + m̄2 q 2 ) − n̄2 p 2 q 2 ]
ˆm
i[(ν̄1 n̄ − ν̄2 β̄)p 2 q − m̄2 ν̄2 q 3 ]
p,q
[(λ̄p 2 + m̄1 q 2 )(β̄p 2 + m̄2 q 2 ) − n̄2 p 2 q 2 ]

.

(20)
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m
The third step is to compute the values of (φX )m
j,k and (ψY )j,k using Equations (19) and (20).
To obtain spectral representations of the spatial derivatives φX and ψY , Equations (19) and (20)
are multiplied by ip and iq, respectively. Then physical space representations of φX and ψY are
obtained by employing the inverse Fourier transform:

−1
(φX )m
j,k = Fj,k

−1
(ψY )m
j,k = Fj,k

ˆm
[(ν̄1 m̄1 − ν̄2 n̄)p 2 q 2 + λ̄ν̄1 p 4 ]
p,q

(21)

[(λ̄p 2 + m̄1 q 2 )(β̄p 2 + m̄2 q 2 ) − n̄2 p 2 q 2 ]
ˆm
[(ν̄2 β̄ − ν̄1 n̄)p 2 q 2 + m̄2 ν̄2 q 4 ]
p,q
[(λ̄p 2 + m̄1 q 2 )(β̄p 2 + m̄2 q 2 ) − n̄2 p 2 q 2 ]

.

(22)
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The final step is to solve the nonlinear equation (15). For this aim, we substitute u = r exp(iθ )
into Equation (15), where r and θ are assumed to be real functions of X, Y and t. The resulting
equations for r and θ are
rt = 0,

θt = −(κr 2 + γ̄1 φX + γ̄2 ψY ).

The first equation implies that r is independent of time: r = R(X, Y ). By substituting |u|2 =
R 2 (X, Y ) into Equations (13) and (14), we can get that φ and ψ are time-independent quantities.
So the right-hand side of the second equation does not depend on time and a solution is θ =
−(κR 2 + γ̄1 φX + γ̄2 ψY )t + θ0 . We have the explicit solution of the nonlinear subproblem in
the form
u(X, Y, tm+1 ) = u(X, Y, tm ) exp[−i(κ|u(X, Y, tm )|2 + γ̄1 φX (X, Y, tm ) + γ̄2 ψY (X, Y, tm )) t].
Finally, the advancements in time are performed according to
m+1
m 2
m
m
= exp{−i[κ|Uj,k
| + γ̄1 (φX )m
Uj,k
j,k + γ̄2 (ψY )j,k ] t}Uj,k

(23)

for the nonlinear subproblem.
A brief summary of the first-order split-step Fourier method can be given as follows. Given the
m
m
at any time t = tm , first compute the values of (φX )m
data Uj,k
j,k and (ψY )j,k from Equations (21)
and (22), respectively. Then, advance the solution according to Equation (23) to produce an
intermediate solution. Use this intermediate solution as the initial data for the linear subproblem.
That is, advance the solution according to Equation (16) to produce the solution at time t =
tm+1 . This completes the one time step description of the first-order split-step method. Repeated
applications of the operations yield an explicit numerical scheme which is of spectral-order
accuracy in space and first-order accuracy in time.

3.

Numerical experiments

We now test the ability of the split-step Fourier method to detect blow-up solutions of the GDS
system by comparing the numerical results with the analytical results available in the literature.
3.1

HEE case

In the HEE case (σ = −1), we numerically test the split-step Fourier method by using the analytical blow-up profile given in Equations (6) and (7). Our purpose is to show that the split-step Fourier
method does not miss the blow-up phenomena and that the numerical blow-up time approximates
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the analytical blow-up time. If we choose a = 1, b = −4, μ = 1 and A = 1, the analytic blow-up
profile given in Equation (6) takes the following form:
 2

1
x − y2
1
u(x, y, t) =
exp i
.
(24)
2
(1 − 4t)
(1 − 4t) 1 + (x + y 2 )/(1 − 4t)2
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The L∞ norm of the exact solution (24) is u ∞ = 1/(1 − 4t) from which we deduce that the
analytical blow-up time is t∗ = 0.25. The initial condition corresponding to the exact solution (24)
is given by
1
u(x, y, 0) = exp[i(x 2 − y 2 )]
.
(25)
1 + x2 + y2
The values of physical parameters, used in the present computations, are m1 = 2, m2 = n = λ =
2/3, γ = 32, κ = −24 and they are compatible with Equation (7).
The problem is solved on the square region [−40, 40] × [−40, 40] for times up to T = 0.25.
We choose the value of t for a given x (≡ (b − a)/NX ) and y (≡ (d − c)/NY ) so that
t = ν[( x)2 + ( y)2 ], where the value of ν is fixed at ν = 0.1. We present both the numerical
blow-up time and the corresponding amplitude of the approximate solution for various numbers of
spatial and temporal grid points in Table 1. As we increase the number of grid points in both space
and time, we observe that the numerical blow-up time approximates the analytical blow-up time.
Moreover, the corresponding amplitude of the solution increases with the number of grid points.
These results show that the split-step Fourier method does not miss the blow-up phenomena and
the prediction for the blow-up time seems satisfactory.
We present the variation of the L∞ norm of the approximate solution with time in Figure 1. We
point out that the initial amplitude is one in the initial condition given by Equation (25). However,
the amplitude of the numerical solution increases as time increases and it becomes approximately
19 near the numerical blow-up time. The profile of the numerical solution near the blow-up time
Table 1. Numerical blow-up time and the corresponding amplitude, u
of solution (ν = 0.1).
NX = N Y

M

t∗

256
512
1024

13
51
205

0.23076923
0.24509804
0.24878049

Figure 1. The variation of u

∞

with time.

u

∞,

∞

5.238
9.840
18.834
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Figure 2. The blow-up profile near the blow-up time (t = 0.24878049).

is presented in Figure 2. We conclude that, for the HEE case, the split-step Fourier method is
very successful to detect blow-up solutions of the GDS system and to compute the corresponding
blow-up time.
3.2

EEE case

In the EEE case (σ = 1), we compare the numerical results with the analytical results given in
Equations (8)–(11). We consider the Gaussian initial condition


x2 + y2
u(x, y, 0) = 6 exp −
4


.

(26)

For all computations presented here, the problem is solved on the square region [−12, 12] ×
[−12, 12] for times up to T = 1. The values of physical parameters are m1 = 2,
m2 = 3, n = 1, λ = 2 which are compatible with Equation (4). Below, we consider separately
the cases corresponding to negative and positive values of the coupling parameter γ .
First, we consider the case γ < 0. For convenience, we set γ = −1. For the chosen values of
physical parameters, it follows from Equations (8)–(11) that the solution exists globally when
κ ≥ 1 and that the solution blows-up when κ < 1. So there is no gap interval when γ < 0. In
Figure 3, the variation of u ∞ with time for the values of κ = 1 and κ = 2 is presented. We
observe that, in both cases, the amplitude of numerical solution decreases as time increases. This
is a strong indication of absence of blow-up when κ = 1 or κ = 2. Similarly, in Figure 4 the
variation of u ∞ with time for the values of κ = 0 and κ = −1 is presented. For both values
of κ, the amplitude of numerical solution increases as time increases. This is a strong indication

Figure 3. The variation of u

∞

with time for the values of κ = 1 and κ = 2.
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Figure 4. The variation of u
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∞

with time for the values of κ = 0 and κ = −1.

of that the solutions blow-up in finite time. So the numerical results obtained for both global
existence and blow-up are in good agreement with the analytical results when γ < 0.
Second, we consider the case γ > 0. For convenience, we set γ = 1. For the chosen values
of physical parameters, it follows from Equations (8)–(11) that√the solution exists globally when
κ ≥ −1/7 and that the solution blows-up when κ < (29 − 17√ 3). It must be noted that there is
no analytical results in the literature for the interval (29 − 17 3) ≤ κ < −1/7. In other words,
for this gap interval, neither a global existence nor a blow-up result is established. We now test the
suggested split-step Fourier method with available analytical results. We first present the variation
of u ∞ with time for the values of κ = −1/7 and κ = 0 in Figure 5. In both cases, the amplitude

Figure 5. The variation of u

∞

with time for the values of κ = −1/7 and κ = 0.

Figure 6. The variation of u

∞

with time for the values of κ = −5/7 and κ = −1.
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of approximate solution decreases as time increases, that is, the solution does not blow-up. In
Figure 6, the variation of u ∞ with time for the values of κ = −5/7 and κ = −1 is presented.
We observe that in both cases, the amplitude of solution increases as time increases, which is an
indication of blow-up. So the numerical results obtained for both global existence and blow-up
are in good agreement with the analytical results available in the√literature. We do not provide
any numerical results corresponding to the gap interval (29 − 17 3) ≤ κ < −1/7 . The reason
is that the initial energy is positive for any value of κ in the gap interval.

Downloaded By: [TÜBTAK EKUAL] At: 06:59 28 February 2011

4.

Conclusions

A split-step Fourier method is presented to determine whether a singularity develops in the solution
of the GDS system at a finite time. The numerical method takes advantage of the spectral accuracy
of Fourier series in space and it employs a first-order time-splitting approach. The strength of the
method lies in the fact that the nonlinear subproblem possesses a simple analytical solution.
Numerical experiments on problems from the literature are performed to measure how capable
the method is in capturing the blow-up phenomena. The numerical tests suggest that the present
scheme is accurate and reliable to detect the presence of a singularity. An important advantage
of the method is the ability to detect the blow-up phenomena on a reasonable coarse mesh. It
seems to have some advantage over standard finite difference methods in capturing the blowup phenomena. It remains to be seen what advantages split-step Fourier methods offer in other
nonlinear partial differential equations where singularities develop.
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