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Abstract—We study the asymptotic behavior of a cooperative
scheme operating in amplify-and-forward (AF) mode when the
number of relay terminals tends to infinity. We consider three
time-division-multiple-access-based cooperation protocols which
realize different degrees of broadcasting and receive collision.
Optimal design rules for distributed space–time codes (STCs) are
derived through the investigation of pairwise error probability
expression for each considered protocol. The derived design rules
reveal a Euclidean-distance-type performance metric, including
some scaling terms due to the effects of AF operation mode
and cooperation protocols as well as path loss/shadowing effects
associated with the underlying relay links. Based on the derived
criteria, an exhaustive computer code search is conducted to
find out optimal distributed STCs. Our search results indicate
the optimality of conventional designs, i.e., based on classical
Euclidean distance, for relay numbers larger than two in a dis-
tributed scenario. For the special cases of one and two relays, we
present novel distributed codes which are able to outperform their
conventional counterparts and demonstrate robustness against
distributed implementation.

Index Terms—Amplify-and-forward (AF) relaying, cooperative
diversity, distributed space–time coding, pairwise error probabil-
ity (PEP).

I. INTRODUCTION

S PATIAL diversity offers significant improvement in link re-
liability and spectral efficiency through the use of multiple

antennas at the transmitter and/or receiver side [1]–[4]. These
gains are typically realized at the physical layer and require
colocated antenna elements (i.e., physical antenna arrays) at
the base station and/or the mobile terminal. Multiple-antenna
techniques are attractive for deployment at base stations in
the cellular applications and have been already included in the
third generation wireless standards. Unfortunately, the use of a
large antenna array might not be practical at the cellular mobile
devices as well as in sensor networks due to the size limitations
of the user terminals.
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Recently, it has been demonstrated that “cooperative di-
versity” (also known as “user cooperation”) provides another
effective way of improving spectral and power efficiency of the
wireless networks without the additional complexity of multiple
antennas [5]–[9]. The basic idea behind cooperative diversity
rests on the observation that in a wireless environment, the sig-
nal transmitted by the source nodes is overheard by other nodes,
which can be defined as partners. The source and its partners
can jointly process and transmit their information, creating a
virtual antenna array although each of them is equipped with
only one antenna.

The pioneering works on cooperative diversity address
information-theoretical aspects of cooperative networks, inves-
tigating achievable rate regions and outage probabilities. The
outage analysis in [7] relies on a random coding argument
and demonstrates that full spatial diversity can be achieved
using such a rich set of codes. Laneman et al. [7] suggest
that “conventional” space–time codes (STCs), i.e., schemes
originally proposed for coding across colocated antennas in [2]
and [3], can be used in a “distributed” fashion for practical
implementation of user cooperation. In [10], Nabar et al. an-
alyze distributed STC operating in amplify-and-forward (AF)
mode through the derivation of pairwise error probability (PEP)
expression. In their work, they assume single-relay deployment
and consider three time division multiple access (TDMA)-
based cooperation protocols, i.e., so-called Protocol I, II, and
III, which implement varying degrees of broadcasting and re-
ceive collision. Specifically, it is shown in [10] that the original
design criteria for conventional STC, i.e., rank and determinant
criteria, still applies for the design of distributed STC schemes
with Protocol III under the assumption that appropriate power
control rules are employed at relay terminals.

In this paper, we revisit the PEP analysis for a large num-
ber of relays and demonstrate that the rank and determi-
nant criteria do not hold anymore. This paper relies on the
generalized/modified versions of Protocols I and III of [10]
for more than one relay. Asymptotical analysis of PEP as the
number of relays grows to infinity reveals that the performance
of distributed STC schemes is dominated by a metric similar to
Euclidean distance. The derived performance metric includes
some scaling terms due to different path loss/shadowing ef-
fects associated with the underlying relay links as well as the
effects of AF operation mode and the considered cooperation
protocols. Our findings are also in line with the results re-
ported for asymptotical analysis of conventional STC schemes
[11], [12]. Based on the derived criteria, an exhaustive computer
code search is conducted to find out optimal distributed STCs
generated from convolutional encoders. Our search results
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Fig. 1. Schematic representation of relay-assisted transmission. The block-
type arrows between relay and destination terminals represent multichannels
due to the multiple-receive antenna assumption at the destination.

indicate the optimality of conventional designs, i.e., based on
classical Euclidean distance, for relay numbers larger than two
in a distributed scenario. For the special cases of single and
two relays’ deployment, we present novel distributed codes
which are able to outperform their conventional counterparts
and demonstrate robustness against distributed implementation.
Monte Carlo simulations are further performed to corroborate
the analytical results and to provide a comprehensive compari-
son among the error rate performances of competing schemes.

The rest of this paper is organized as follows. In Section II,
we introduce the relay transmission model describing signal
models for various cooperation protocols under consideration.
In Section III, we present an upper bound on the PEP of
distributed STCs for a large number of relays and discuss
the relevant optimum code design criteria. In Section IV, we
provide details on the exhaustive code search and search re-
sults. A comprehensive Monte Carlo simulation is presented in
Section V to elaborate on the analytical results. Finally, conclu-
sions are presented in Section VI.

II. TRANSMISSION MODEL

A wireless communication scenario where the source termi-
nal S transmits information to the destination terminal D with
the assistance of relay terminals Rm, m = 1, 2, . . . ,M − 1
is considered. The source and relay terminals are equipped
with single transmit and receive antenna while the destination
terminal has multiple-receive antennas n = 1, 2, . . . , N (see
Fig. 1). We assume the half-duplex relay’s deployment which
is motivated from practical concerns on the large difference
between transmit and receive powers in many applications.

In the following, we describe three user cooperation proto-
cols which are essentially the generalized/modified versions of
Protocols I and III of [10] for more than one relay.

A. Protocol A

This protocol is a generalization of Protocol I [10] which
has been originally proposed for single relay. In the original
protocol, the source terminal communicates with the relay and
destination terminals during the first time slot. In the second

TABLE I
PROTOCOL I OF [10]

time slot, the source terminal transmits its next modulation
symbol, while the relay forwards its received signal to the desti-
nation terminal; therefore, the destination receives a superposi-
tion of these two signals (see Table I). This protocol achieves a
broadcasting degree1 of two and also realizes receive-collision
degree2 of two.

In our generalized protocol (see Table II), the source ter-
minal transmits the first M − 1 modulation symbols, i.e.,
x1, x2, . . . , xM−1, to the relays R1, R2, . . . , RM−1, respec-
tively, by communicating with only one of the relays during
each time slot. Meanwhile, the destination terminal also re-
ceives these symbols as one symbol per slot; therefore, this
protocol achieves a broadcasting degree of two similar to the
original protocol. During the M th slot, the source sends its
M th modulation symbol to the destination terminal, while
the relays simultaneously forward their received signals to the
destination.

Let xl
m be the modulation signal transmitted by the source

terminal to themth relay terminal during the lth signaling frame
(l = 1, 2, . . . , L′); each of which has a duration ofM time slots.
The length of overall transmission frame is therefore given by
L = L′ ×M . We assume multiple phase shift keying (M-PSK)
modulation with normalized unit energy for the signals, i.e.,
E[|xl

m|2] = 1. The received signal at the mth relay terminal is
given by

r̄Rm
=
√
ESRm

hSRm
xl

m + ηRm
, m=1, 2, . . . ,M− 1

(1)

where ESRm
represents the average energy available at the

relay terminal Rm considering the path loss and possible
shadowing effects in source-to-relay (S → Rm) link. hSRm

,
m = 1, 2, . . . ,M − 1, represent S → Rm link fading coeffi-
cients, which are assumed to be independent and identically dis-
tributed (i.i.d.) zero-mean complex Gaussian random variables
with variance 0.5 per dimension, which leads to a Rayleigh
fading channel assumption and ηRm

, m = 1, 2, . . . ,M − 1,
represent the additive noise terms. The relay terminals nor-
malize their respective received signals r̄Rm

by a factor of√
E(|r̄Rm

|2) (to ensure the unity of average energy) yielding

rRm
=

r̄Rm√
E
(
|rRm

|2
)

=

√
ESRm

/N0

1 + ESRm
/N0

hSRm
xl

m +
ηRm√

ESRm
+N0

. (2)

1The broadcasting degree is defined as the number of terminals simulta-
neously listening to the source terminal.

2The receive-collision degree is defined as the number of superimposed
signals at the destination terminal within a particular signaling interval.
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TABLE II
PROTOCOL A

The received signal at the nth antenna of destination terminal
during time intervalsm = 1, 2, . . . ,M − 1 is given by

rn,l
m =

√
ESDhSDn

xl
m + η

n,l
m (3)

where hSDn
denotes the complex fading coefficient over

source-to-destination (S → Dn) link and is modeled as a com-
plex Gaussian random variable with zero-mean and variance 0.5
per dimension. Form =M , the destination terminal receives a
superposition of symbols sent by both relays and source

rn,l
M =

√
ESDhSDn

xl
M +

√
ERmDhRmDn

M−1∑
m=1

rRm
+ η̄n,l

M

(4)

where ESD = ESDn
and ERmD = ERmDn

3 represent the
average energies available at the destination terminal which
takes into account path loss and shadowing effects in S → Dn

and Rm → Dn links, respectively. Here, hRmDn
represents

Rm → Dn link fading coefficients, which are assumed to be
i.i.d. complex Gaussian with mean µm and variance σ2

m per
dimension. This leads to a Rician fading channel model with
the Rician parameter defined as Km = µ2

m/2σ
2
m. This model

includes Rayleigh fading as a special case and further lets us to
investigate the static (i.e., nonfading) link assumption of [10] as
a limiting case. Replacing (2) in (4), we obtain

rn,l
M =

√
ESDhSDn

xl
M +

M−1∑
m=1

√
ESRm

/N0

1 + ESRm
/N0

×
√
ERmDhSRm

hRmDn
xl

m + η̃
n,l
M (5)

where the effective noise term is defined as

η̃n,l
M = η̄n,l

M +
M−1∑
m=1

√
ERmD/N0

1 + ESRm
/N0

hRmDn
ηRm

. (6)

In the previous equation, {ηRm
}M−1

m=1 , {ηn,l
m }M−1

m=1 , and η̄n,l
M for

n = 1, 2, . . . , N , l = 1, 2, . . . , L′ are the independent samples
of zero-mean complex Gaussian random variables with vari-
ance N0/2 per dimension, which model the additive noise
terms. In the following, we normalize the received signal in (5)
by a factor of

a =

(
1 +

M−1∑
m=1

ERmD/N0

1 + ESRm
/N0

|hRmDn
|2
)−1/2

(7)

3Receive antennas at the destination terminal are colocated; therefore, it is
reasonable to assume that respective path loss/shadowing effects are the same.

which does not alter the signal-to-noise ratio (SNR) but simpli-
fies the ensuing presentation [10]. This yields

rn,l
M = a

√
ESDhSDn

xl
M

+ a
M−1∑
m=1

√
ERmDbmhSRm

hRmDn
xl

m + η
n,l
M (8)

where we define bm as

bm =
ESRm

/N0

1 +ESRm
/N0

. (9)

After normalization, ηn,l
M turns out to be also a zero-mean com-

plex Gaussian random variable with variance N0/2 per dimen-
sion. Introducing the length-M vectors rl

n = [r
l
1,n, r

l
2,n, . . . ,

rlM,n]
T , xl = [xl

1, x
l
2, . . . , x

l
M ]

T , and ηl
n = [η

l
n,1, η

l
n,2, . . . ,

ηl
n,M ]

T for l = 1, 2, . . . , L′, the received signals can be rewrit-
ten in the matrix form as

Rn = HnX+Nn (10)

where we introduce the M × L′-size matrices Rn, X, and Nn

as Rn = [r1
n, r

2
n, . . . , r

L′
n ], X = [x1,x2, . . . ,xL′

], and Nn =
[η1n, η

2
n, . . . , η

L′
n ]. The channel matrix Hn of size M ×M in

(10) is given by

Hn =




hD 0 . . . 0 0
0 hD . . . 0 0
.
.

0
. .

. . .
.
.

.

.
0 0 . . . hD 0
ah̃1 ah̃2 . . . ah̃M−1 ahD


 (11)

where hD and h̃m are defined as

hD =
√
ESDhSDn

(12)

h̃m =
√
ERmDbmhSRm

hRmDn
, m=1, 2, . . . ,M−1 (13)

respectively. For the single-relay case, i.e., M = 2, Hn

reduces to

Hn =
[
hD 0
ah̃1 ahD

]
(14)

which corresponds to the channel matrix of the original
Protocol I of [10].

Authorized licensed use limited to: University of Waterloo. Downloaded on July 17, 2009 at 20:56 from IEEE Xplore.  Restrictions apply.



1652 IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 56, NO. 4, JULY 2007

TABLE III
PROTOCOL B

B. Protocol B

In Protocol A, each relay is active only for two time slots (i.e.,
one slot for reception and the last time slot for forwarding).
After a particular relay receives its intended signal from the
source terminal, it waits for the final forwarding phase until
the last relay receives its corresponding symbol. This can be
justified for scenarios in which the relays are possibly coop-
erating with other source nodes in their idle times. In this
section, we introduce Protocol B which relaxes this assumption
and assumes the contribution of all activated relays4 during
the whole transmission period. Therefore, instead of waiting
for the final forwarding phase, as soon as a particular relay
receives its intended signal, it forwards its received symbol
to the destination terminal and repeats this for each time slot
(see Table III). Broadcasting degree is still two in this protocol
while average receive-collision degree5 is higher than that of
Protocol A. The signal model developed in the previous section
still applies and is given by (10) where the channel matrix is
now replaced for this protocol by

Hn =




a0hD 0 0
a1h̃1 a1hD . . . 0
a2h̃1 a2h̃2 . . . 0
. . . . . . . . .

aM−2h̃1 aM−2h̃2 aM−2hD 0
aM−1h̃1 aM−1h̃2 . . . aM−1hD


 (15)

with

ai =

(
1 +

i∑
m=1

ERmD/N0

1 + ESRm
/N0

|hRmDn
|2
)−1/2

i = 1, 2, . . . ,M − 1 and a0 = 1. (16)

For the single-relay case, the channel matrix reduces to (14);
therefore, Protocol B becomes identical to Protocol I of [10].

C. Protocol C

This protocol is a generalization of Protocol III of [10] for
more than one relay. Protocol III is different from Protocol I in
the sense that the destination terminal prefers not to receive the
source signal during the first time slot. In the second time slot,

4The relay is said to be “activated” when it receives its intended signal and
engages in forwarding.

5In Protocol A, the receive-collision degree is equal to one except the last
signaling interval. In Protocol B, it increases with the increasing number of
active relays; therefore, its average is higher than that of Protocol A.

TABLE IV
PROTOCOL III OF [10]

while the relay forwards its received signal, the source sends
its next symbol to the destination terminal (see Table IV). In
Protocol III, destination is not kept busy during the first time
slot, and therefore, it might be engaged in data transmission
to another terminal during this period. Protocol III does not
implement broadcasting but realizes receive collision.

Protocol C has been originally introduced as an extension
of Protocol III in [13] by the authors and naturally fits into
the general framework presented in this paper. As detailed
in Table V, the source terminal communicates with the relay
terminals during the first M − 1 time slots. It is assumed
that there is no transmission from source-to-destination within
this period (based on a similar motivation as in the original
Protocol III). In the M th time slot, both the relays and
source terminal communicate with the destination terminal. The
M ×M channel matrix for Protocol C is given by

Hn =




0 0 . . . 0 0
0 0 . . . 0 0
.
.

0
. .

. . .
.
.

.

.
0 0 . . . 0 0
ah̃1 ah̃2 . . . ah̃M−1 ahD


 . (17)

For the single-relay case, i.e.,M = 2, Hn reduces to

Hn =
[
0 0
ah̃1 ahD

]
(18)

which corresponds to the channel matrix of the original
Protocol III of [10].

III. DISTRIBUTED STC DESIGN CRITERIA

We assume maximum likelihood decoding under the as-
sumption of perfect channel state information. The destination
terminal makes its decision based on the metric

argmin
X

‖Rn − HnX‖2. (19)

The PEP represents the probability of choosing the coded
sequence X̂ when indeed X was transmitted. Through the
application of Chernoff bound and central limit theorem, it
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TABLE V
PROTOCOL C

is shown in the Appendix that PEP for distributed STC is
given by

P (X, X̂) ≤ exp
(
−NESD

4N0
d2
)

(20)

where the distance metrics for Protocols A, B, and C are,
respectively, given by

d2 =Λm
L′ + 2

M−1∑
m=1

Λm
L′ (21)

d2 =
M∑

m=1

Λm
L′ +

M−1∑
m=1

(M −m)Λm
L′ (22)

d2 =
M∑

m=1

Λm
L′ (23)

with Λm
L′ =

∑L′

l=1 |xl
m − x̂l

m|2 under the assumption of static
R→ D links and perfect power control (i.e., ERmD = ESD).
Equations (21)–(23) could be compared to the “classical”
Euclidean distance

d2cl =
M∑

m=1

Λm
L′ (24)

presented in [11] and [12, eq. (32)] for a colocated antenna
scenario. As revealed out by the derived PEP expressions,
the performance of the cooperative scheme is dominated by
a Euclidean-distance-type performance metric, including some
scaling coefficients due to the nature of deployed user coopera-
tion protocols.

IV. CODE SEARCH AND RESULTS

Based on the derived code criteria, we have conducted a
code search to find out optimal distributed STCs. We adopt a
similar approach with [14] and [15] which uses a systematic
code search for conventional STC design:

Let G be a generator matrix of size (v + k)×M . Here,
v refers to the number of memory elements, and k = log2 S
where S is the signal constellation size. If we define ut =
[ukt+k−1 . . . ukt+1ukt . . . ukt−v] denoting the input bits, then
the output symbols are given by st = (utG)mod S . The
matrix G can be implemented in practice with a feed-
forward shift register (cf. Fig. 2) whose coefficients are given
by ap = [ a1p a2p . . . aM

p ] and bq = [ b1q b2q . . . bMq ]
where p = 1, 2, . . . , i and q = 1, 2, . . . , j. i = 
v/2� and j =

v/2� denote maximum integers not larger than and not less

Fig. 2. STC encoder structure for a four-PSK.

than v/2, respectively. Thus, the generator matrix can be
written as GT = [aT

1 bT
1 aT

2 bT
2 . . . aT

i bT
j ]. For

higher order modulation schemes, shift register implementation
has a similar form, but the number of incoming branches
increases. The code search results are presented in Table VI.
In this table, 2v denotes the number of states, M − 1 denotes
the number of relays, G stands for the generator matrix, d2 is
the derived performance metric based on (21) and (22) for the
corresponding protocol, and d2cl is the classical Euclidean dis-
tance given by (24). We should further emphasize that since the
derived performance metric turns out to be the same as classical
Euclidean distance for Protocol C, i.e., compare (23) and (24),
code search was conducted only for Protocols A and B.

A. Single-Relay Case (M = 2)

As discussed earlier, for the special case of single-relay
deployment, Protocols A and B become identical and reduce to
Protocol I of [10]. For the single-relay case, our code search for
four- and eight-state four-PSK distributed STCs yields codes
with d2 = 14 and d2 = 20. As benchmarks, we include conven-
tional STCs which are proposed by Chen et al. [15, Table III]
through a similar code search to maximize d2cl. It is clear
that both our proposed codes and conventional designs yield
identical values for the classical Euclidean metric. However,
in terms of derived criteria for distributed implementation, our
codes provide higher values which would ultimately reflect into
the error rate performance in a distributed scenario. It is evident
that if our codes were used in a colocated antenna scenario, they
would yield identical performance with those optimal codes
of [15, Table III]. Our code search results indicate that our
proposed codes are a subset of conventional designs with iden-
tical d2cl but possess an embedded robustness against distributed
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TABLE VI
CODE SEARCH RESULTS (FOUR-PSK)

implementation with their improved d2.6 As we further increase
the number of states beyond eight for the single-relay case, our
search yields codes identical to conventional ones. This can be,
for example, observed in the 16-state STC provided in Table VI
which gives identical d2cl and d2.

B. Multiple-Relay Case (M ≥ 3)
For M ≥ 3,7 our code search yields the same codes as

conventional STCs designed for colocated antennas indicating
the optimality of classical Euclidean distance. To provide some
further insight into this, the metrics for respective protocols in
a two-relay scenario are provided next. These are

d2 = N
(
Λ1

L′ + Λ2
L′ + Λ3

L′
)

(25)

for conventional STCs designed for colocated antennas

d2 = N
(
2Λ1

L′ + 2Λ2
L′ + Λ3

L′
)

(26)

for Protocol A, and

d2 = N
(
3Λ1

L′ + 2Λ2
L′ + Λ3

L′
)

(27)

for Protocol B. |xl
1 − x̂l

1|2, |xl
2 − x̂l

2|2, and |xl
3 − x̂l

3|2 in the
definition of Λm

L′ , m = 1, 2, 3 refer to the distance of error
events that follow S → R1 → D, S → R2 → D, and S → D
links, respectively, and can only take the values of 0, 2, and
4 under the considered four-PSK modulation. The metrics
previously discussed demonstrate that each link has a certain
weight distribution for Protocols A and B while the symmetry
is preserved for conventional designs with identical weights.
Our code search algorithm first conducts a search to find out
the set of codes with maximized d2cl, and then, among this set,
a second search is conducted to maximize d2. Otherwise, the
search yields codes with higher d2 but with lower d2cl compared
to conventional ones and ultimately results in worse error rate
performance. As already stated, the resulting optimal codes for
the two-relay scenario turn out to be identical to those which
can be found in [15, Table III] and are not repeated here. Only

6The proposed codes for single-relay case are obtained through an exhaustive
search conducted under the search criteria for large number of relays. There-
fore, we do not claim any means of optimality for this case.

7The deployment of M − 1 relays in our cooperative scenario corresponds
to a scenario with M colocated antennas.

an example code (assuming Protocol A) is provided in our
table for the reader’s convenience. One particular exception is
observed in our search results for Protocol B and is further listed
in Table VI.

Finally, we would like to note that our code search builds
upon the derived criteria (21) and (22) which have been
obtained under the assumption of static R→ D links and
perfect power control. Although more general expressions
derived for Rayleigh/Rician distributed R→ D links and
power imbalance among the underlying links are already
available (see Appendix), we have preferred not to utilize them
due to practical considerations. It is obvious from (47), (48),
(50), (51), (53), and (54) that the performance metrics are
dependent on channel parameters through scaling coefficients.
Therefore, they can be used for code design only by imposing
some assumptions on the operating SNRs of the underlying
links in the cooperative scheme. Such an approach might not
be of practical use for most scenarios and those codes designed
for a specific range of SNR and particular power distribution
among nodes might fail for another scenario.

V. SIMULATION RESULTS

In this section, we present an extensive Monte Carlo sim-
ulation study for cooperative schemes described and analyzed
in the previous sections. First, we present the frame error rate
(FER) performance of various distributed STCs to discuss the
relevant design criteria. Then, we shift our attention to coop-
eration protocols and compare their performance for various
distributed scenarios. In our simulations, we assume quasi-
static Rayleigh fading channels for all underlying links and
single-receive antenna deployment at the relay and destination
terminals unless otherwise noted. We further assume that each
transmission frame consists of 130 modulation symbols.

Fig. 3 illustrates the performance comparison of two dis-
tributed STCs. The first one is the distributed implementation
of four-state STC of Tarokh et al. designed for two transmit
antennas based on rank/determinant criteria [2] (labeled as
T-RD4). The second one is the distributed implementation of
convolutional code of Chang et al.8 optimized for Euclidean-
distance [16, Table III] (labeled as C-ED4). We assume
Protocol A, and we simulate six scenarios for each code: one,

8This code has been also used as an “off-the-shelf space-time code” in [11].
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Fig. 3. Performance comparison of two distributed four-state STCs for one,
two, and four receive antennas at the destination terminal (T-RD4 [2] based
on rank and determinant criteria and C-ED4 [16] based on Euclidean distance
criteria).

two, or four receive antennas at the destination terminal and
SNR in S → R link is either ESR/N0 = 5 dB or ESR/N0 =
35 dB. SNR values for S → D and R→ D links are assumed
to be equal, i.e., ESD/N0 = ERD/N0, which can be achieved
through power control in practical implementation. For each
scenario considered, C-ED4 is able to outperform T-RD4 in-
dicating the superiority of Euclidean distance criterion over
the rank/determinant criteria in a distributed implementation.
Similar observations have been earlier reported in [11] in the
context of conventional STC.

Fig. 4 illustrates FER performance of the proposed four-state
STCs. It should be emphasized that these codes were designed
for the single-relay case, and under this assumption, Protocols
A and B become identical. As benchmarks, we choose the
following conventional STCs designed for colocated antennas
from the literature:

1) T-RD4: four-state STC of Tarokh et al. [2] designed for
two transmit antennas based on rank/determinant criteria;

2) C-ED4: convolutional code of Chang et al. [16, Table III]
optimized for Euclidean distance;

3) V-RD4: four-state STC of Chen et al. [15, Table I]
optimized for rank/determinant criteria;

4) V-ED4: four-state STC of Chen et al. [15, Table III] opti-
mized for Euclidean distance (also included in Table VI).

ForESR/N0 = 35 dB, our code provides a similar performance
with V-ED4 optimized for classical Euclidean distance. This
result is somewhat expected as such a large ESR/N0 mimics
a colocated scenario. For ESR/N0 = 5 dB, we observe that
the proposed code demonstrates more robust performance in
comparison to its competitors. Specifically, in comparison to
its closest competitor, our code brings a performance gain of
approximately 1.2 dB

Fig. 5 presents simulation results when the destination ter-
minal is equipped with two receive antennas. It is observed
that our code slightly outperforms V-ED4 and C-ED4 (op-
timized for Euclidean distance). We also observe that the
performance improvement over V-RD4 and T-RD4 (optimized

Fig. 4. Performance comparison of distributed four-state STCs for
ESR/N0 = 5 dB and ESR/N0 = 35 dB with single-receive antenna at the
destination terminal.

Fig. 5. Performance comparison of distributed four-state STCs for
ESR/N0 = 5 dB and ESR/N0 = 35 dB with two receive antennas at the
destination terminal.

for rank/determinant criteria) becomes now more evident. In
other words, Euclidean distance criterion becomes dominant
and replaces rank/determinant criteria. A similar observation
has been earlier reported in [12] in the context of colocated
antenna scenarios for diversity orders exceeding three.9

Fig. 6 illustrates the performance of our eight-state distrib-
uted STC along with the following conventional designs:

• C-ED8: convolutional code of Chang et al. [16, Table III]
optimized for Euclidean distance;

• V-RD8: eight-state STC of Chen et al. [15, Table I] opti-
mized for rank/determinant criteria;

• V-ED8: eight-state STC of Chen et al. [15, Table III]
optimized for Euclidean distance.

9In the considered cooperative scenario with one relay, one source, and two
receive antennas at the destination terminal, the total spatial diversity order is
M × N = (1 + 1) × 2 = 4.
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Fig. 6. Performance comparison of distributed eight-state STCs for
ESR/N0 = 5 dB and ESR/N0 = 35 dB with single-receive antenna at the
destination terminal.

Fig. 7. Performance of proposed distributed 4-, 8-, and 16-state STCs.

In a similar manner to its four-state counterpart, our proposed
code demonstrates robustness under the assumption of weak
S → R link. Specifically, in comparison to V-ED8, we observe
performance gains of approximately 1.5 dB for ESR/N0 =
5 dB. The performances of our proposed code V-ED8 and
V-RD8 are similar for ESR/N0 = 35 dB. A performance com-
parison among the proposed 4-, 8-, and 16-state codes is further
illustrated in Fig. 7.

In Fig. 8, we consider a two-relay scenario and study the
performance of four-state code designed for Protocol B (see
Table VI). Four possible scenarios are considered.

1) ESR1/N0 = ESR2/N0 = 35 dB.
2) ESR1/N0 = 35 dB, ESR2/N0 = 5 dB.
3) ESR1/N0 = 5 dB, ESR2/N0 = 35 dB.
4) ESR1/N0 = ESR2/N0 = 5 dB.

Fig. 8. Performance comparison of distributed four-state STCs for Protocol B
in a two-relay scenario.

The benchmark code chosen is the four-state code of
Chen et al. [15, Table III] designed for three colocated antennas
which was optimized for classical Euclidean distance. We
observe that the proposed code provides a similar performance
to the code of Chen et al. for 1) and 2) while it is able to bring
some performance improvement over its competitor for 3) and
4) by gains of 0.6 and 1.3 dB at FER = 10−2, respectively.
This robustness is due to the improved d2 inherent in the code
design, i.e., d2 = 30 for the proposed code and d2 = 28 for the
code of Chen et al., while both codes have identical d2cl = 16
(see Table VI). It should be also noted that although 2) and
3) appear to be symmetrical scenarios, they yield different
performances due to the nature of Protocol B. This can be
explained as follows: The relays forward their received signal
multiple times resulting in higher receive collision at destina-
tion terminal for this cooperation protocol. In the considered
simulation study for two-relay scenario, the first relay repre-
sented byR1 becomes the relay that forwards its received signal
more than the other relay, i.e., note the coefficient 3 in (27)
for S → R1 → D relaying path. Therefore, the performance of
Protocol B becomes more dependent on the link between the
source terminal and the first relay (S → R1 ) which is clearly
reflected into nonidentical performances illustrated in Fig. 8.

In the following, we focus on the performance comparison
among the considered cooperation protocols assuming the un-
derlying distributed code is kept the same. For the two-relay
case, we use V-ED4 [15] as the underlying distributed STC
for various ESR/N0 combinations. Since relays in Protocol B
are exploited more than those in Protocols A and C, SNRs
are penalized for each protocol accordingly for the sake of
fair comparison. Figs. 9–12 demonstrate that both Protocols
A and B are able to outperform Protocol C. This is mainly
due to the existence of S → D link in these two protocols.
Therefore, Protocols A and B demonstrate robust performance
for scenarios even if one or both S → R links experience lower
SNR while Protocol C suffers from severe error floors in such
cases. We also observe that Protocol B is able to outperform
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Fig. 9. Performance comparison of Protocols A, B, and C for ESR1/N0 =
ESR2/N0 = 35 dB.

Fig. 10. Performance comparison of Protocols A, B, and C for ESR1/N0 =
35 dB and ESR2/N0 = 5 dB.

Protocol A as long as ESR1/N0 is large enough. This can
be attributed to the active contribution of the first relay in
Protocol B during the whole transmission period in comparison
to Protocol A where the relays are active only for two time slots.
For lower ESR1/N0 values, the first relay’s active forwarding
is less helpful, and Protocol B is outperformed by Protocol A in
such scenarios.

VI. CONCLUSION

We have studied the asymptotic behavior of a cooperative
scheme operating in AF mode when the number of relay termi-
nals tends to infinity. We consider three TDMA-based cooper-
ation protocols which realize different degrees of broadcasting
and receive collision. Optimal design rules for distributed STCs
are derived through the investigation of PEP expression for

Fig. 11. Performance comparison of Protocols A, B, and C for ESR1/N0 =
5 dB and ESR2/N0 = 35 dB.

Fig. 12. Performance comparison of Protocols A, B, and C for ESR1/N0 =
ESR2/N0 = 5 dB.

each considered protocol. The derived design rules reveal a
Euclidean-distance-type performance metric, including some
scaling terms due to the effects of AF operation mode and
cooperation protocols as well as path loss/shadowing effects
associated with the underlying relay links. Based on the derived
criteria, an exhaustive computer code search is conducted to
find out optimal distributed STCs. Our search results indicate
the optimality of conventional designs, i.e., based on classical
Euclidean distance, for relay numbers larger than two in a
distributed scenario. For the special cases of one and two relays,
we present novel distributed codes which are able to outperform
their conventional counterparts and demonstrate robustness
against distributed implementation. Extensive Monte Carlo
simulations are further presented to corroborate the analytical
results and to provide a comprehensive comparison among the
error rate performances of competing schemes.
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APPENDIX

This appendix presents the derivations of PEP expressions
for cooperation protocols considered in this paper. The PEP rep-
resents the probability of choosing the coded sequence X̂ when
indeed X was transmitted. For a given channel realization, PEP
can be written as

P (X, X̂|Hn) = Q



√√√√ 1
2N0

N∑
n=1

∥∥∥Hn(X − X̂)
∥∥∥2


 (28)

where Q(.) stands for Gaussian-Q function. Applying the
Chernoff bound and following similar steps in [11], we rewrite
(28) as

P (X, X̂|Hn)

≤exp
(
− 1
4N0

N∑
n=1

Tr
(
HH

n Hn(X − X̂)(X − X̂)H
))

(29)

where tr(.) represents the trace operator. Applying diagonaliza-
tion to the inner argument, we obtain

P (X, X̂|Hn) ≤ exp
(

−1
4N0

N∑
n=1

Tr
(
HH

n HnVHDV
))

(30)

where VHV = I (I for identity matrix) and D is a real diagonal
matrix with entries γm which are also equal to the eigenvalues
of (X − X̂)(X − X̂)H . Thus, (28) can be further rewritten as

P (X, X̂|Hn) ≤ exp
(
−

N∑
n=1

M∑
m=1

λm,n

4N0

)
(31)

where λm,n is defined by

λm,n

=
{(
∆1

1|hSDn
|2+a2∆2

m|hSRm
|2
)
γm, m=1, 2, . . . ,M−1

a2∆1
1|hSDn

|2γM , m=M

(32)

for Protocol A

λm,n =

(
a2m−1∆

1
1|hSDn

|2 +
(

M−1∑
i=m

a2i

)
∆2

m|hSRm
|2
)
γm

m = 1, 2, . . . ,M. (33)

for Protocol B, and

λm,n =
{
a2∆2

m |hSRm
|2 γm, m = 1, 2 . . . ,M − 1

a2∆1
1 |hSDn

|2 γM , m =M
(34)

for Protocol C. In the previous equations, ∆1
1 and ∆2

i

are defined as ∆1
1 = ESD and ∆2

i = ERiDbi|hRiDn
|2, i =

1, 2, . . . ,M − 1, respectively. According to the central limit
theorem, the inner argument in (31) approaches a Gaussian
random variable G =

∑N
n=1

∑M
m=1 λm,n/4N0 with mean µG

and variance σG for large values of N and M . The PEP then
can be upper bounded by

P
(
X, X̂

∣∣|hRmDn
|
)
≤

∞∫
0

exp(−G)p(G)dG

= exp
(
1
2
σ2

G − µG

)
Q

(
σ2

G − µG

σG

)
(35)

where p(G) denotes the Gaussian probability density function,
and the conditional mean and variance of G are given by

µG =
N∑

n=1

M∑
m=1

E [λm,n||hRmDn
|]

4N0
(36)

σG =
N∑

n=1

M∑
m=1

var [λm,n||hRmDn
|]

16N2
0

. (37)

For Protocol A, µG and σG are given by (38) and (39),
shown at the top of the next page. For Protocol B, µG and σG

are given by (40) and (41), also shown at the top of the next
page. For Protocol C, µG and σG are given by (42) and (43),
also shown at the top of the next page. Assuming ESD/N0 �
1, ERmD/N0 � 1, ESRm

/N0 � 1, and ESRm
/N0 is larger

or comparable to ERmDN0, then µG/σG becomes neg-
ligible compared to σG, and conditional PEP can be
approximated as [12]

P
(
X, X̂

∣∣|hRmDn
|
)
≈ exp(−µG). (44)

Replacing (36) in (44), we have

P
(
X, X̂

∣∣|hRmDn
|
)
≈exp

(
−

N∑
n=1

M∑
m=1

E [λm,n||hRmDn
|]

4N0

)
.

(45)

Inserting (38), (40), and (42) in (45) for the respective proto-
cols, further assuming ESRm

/N0 � ERmD/N0 (Note that this
results in a = 1 and bm = 1, see (7) and (9) for their definitions)
and then performing an expectation over the resulting expres-
sions with respect to |hRmDn

| which are assumed to follow
Rician distribution, we obtain the final PEP expression as

P (X, X̂) ≤ exp
(
−ESD

4N0
d2
)

(46)

with

d2 = N

(
ΛM

L′ +
M−1∑
m=1

Λm
L′

)
+ ln

(
1 +Km +N

ERmD

4N0
Λm

L′

1 +Km

)

+
(
ESD

4N0

)−1 M−1∑
m=1

Km

N
ERmD

4N0
Λm

L′

1 +Km +N
ERmD

4N0
Λm

L′

(47)
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µG =
N∑

n=1

[(
M−1∑
m=1

ESD

4N0
+ a2

ERmD

4N0
bm|hRmDn|2

)
γm + a2

ESD

4N0
γM

]
(38)

σG =
N∑

n=1

[(
M−1∑
m=1

(
ESD

4N0

)2

+ a4
(
ERmD

4N0

)2 (
bm|hRmDn|2

)2 (γm)2
)
+ a4

(
ESD

4N0

)2

(γM )2
]

(39)

µG =
N∑

n=1

M∑
m=1

(
a2m−1

ESD

4N0
+

(
M−1∑
i=m

a2i

)
ERmD

4N0
bm|hRmDn|2

)
γm (40)

σG =
N∑

n=1

M∑
m=1


a4m−1

(
ESD

4N0

)2

+

(
M−1∑
i=m

a2i

)2 (
ERmD

4N0

)2 (
bm|hRmDn|2

)2 (γm)2 (41)

µG =
N∑

n=1

[(
M−1∑
m=1

a2
ERmD

4N0
bm|hRmDn|2

)
γm + a2

ESD

4N0
γM

]
(42)

σG =
N∑

n=1

[(
M−1∑
m=1

a4
(
ERmD

4N0

)2 (
bm|hRmDn|2

)2 (γm)2
)
+ a4

(
ESD

4N0

)2

(γM )2
]

(43)

for Protocol A. For the special case of Rayleigh fading, i.e.,
Km = 0, (47) reduces to

d2 = N

[
ΛM

L′ +
M−1∑
m=1

Λm
L′

]

+
(
ESD

4N0

)−1 M−1∑
m=1

ln
(
1 +N

ERmD

4N0
Λm

L′

)
. (48)

For another extreme case of Km → ∞ (which corresponds
to the static R→ D link) with perfect power control, i.e.,
ERmD = ESD, (47) reduces to

d2 = N

(
ΛM

L′ + 2
M−1∑
m=1

Λm
L′

)
. (49)

For Protocol B, the distance metric is given by

d2=N (Λm
L′)+ln

(
1+Km+N

ERmD

4N0
(M −m)Λm

L′

1+Km

)

+
(
ESD

4N0

)−1 M−1∑
m=1

KmN
ERmD

4N0
(M −m)Λm

L′

1+Km+N
ERmD

4N0
(M −m)Λm

L′

. (50)

For Rayleigh distributed R→ D links, (50) reduces to

d2 = N

(
M∑

m=1

Λm
L′

)

+
(
ESD

4N0

)−1 M−1∑
m=1

ln
(
1 +N

ERmD

4N0
(M −m)Λm

L′

)
. (51)

For static R→ D link with perfect power control, (50) further
reduces to

d2 = N

(
M∑

m=1

Λm
L′ +

M−1∑
m=1

(M −m)Λm
L′

)
. (52)

For Protocol C, the distance metric is given by

d2 = NΛm
L′ + ln

(
1 +Km +N

ERmD

4N0
Λm

L′

1 +Km

)

+
(
ESD

4N0

)−1 M−1∑
m=1

Km

N
ERmD

4N0
Λm

L′

1 +Km +N
ERmD

4N0
Λm

L′

(53)

which reduces to

d2 = N (Λm
L′) +

(
ESD

4N0

)−1 M−1∑
m=1

ln
(
1 +N

ERmD

4N0
Λm

L′

)
(54)
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for Rayleigh distributed R→ D links while it simplifies to

d2 = N
M∑

m=1

Λm
L′ (55)

for static R→ D link with perfect power control.
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